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Abstract
The Gauss neuron is a nonlinear signal converter, whose transfer function (TF) is described by the derivative of some sigmoidal de-
pendence. A superconducting Gauss neuron can be implemented as a two-junction interferometer shunted symmetrically by an ad-
ditional inductance. This work analyzes three cases of asymmetry that can occur in the experimental samples of Gauss neurons, that
is, unequal critical currents of the interferometer’s Josephson junctions, asymmetric inductive shunting, and asymmetry of the input
signal supply. We illustrate the modifications in equations and the shape of the TF compared to the symmetric case. The analysis
performed provides an explanation for the key features observed in a previously conducted experiment.
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Introduction
Over the past decade, artificial neural networks have demon-
strated their effectiveness and versatility in tasks related to pro-
cessing large volumes of data, prediction, pattern recognition,
and image and video generation. The increasing number of
tasks and the growing volume of processed information high-
light the relevance of using superconducting elements, which
offer the advantages of high clock frequency and energy effi-
ciency [1,2]. Studies [3-6] describe neuromorphic elements

based on superconducting interferometers that emulate the
signal response of biological neurons in various real-world
scenarios. In [1,7-15], adiabatic neuromorphic interferometers
were presented, whose energy consumption can be reduced to
the fundamental limit of kT·ln 2 [16]. These devices contain one
or two Josephson junctions (JJs) enclosed in a superconducting
loop with three inductive elements. Such devices’ design is
much simpler than that of a neuromorphic CMOS element, that
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contains about 20 transistors per cell [7,8], which also speaks in
favor of superconducting neuromorphic devices.

The subject of this study is the Gauss neuron [1,7-9,11,12,14],
schematically depicted in Figure 1. It consists of three arms
connected at a common point O and grounded to a shared elec-
trode (Gnd). Two arms (“Josephson” or “input” ones) each
contain a Josephson junction JJA,B and an inductance LA,B,
which is also used for receiving input signal. It is assumed that
the input arms of the neuron are identical, including equal sensi-
tivity to the input signal. These arms form the two-junction
interferometer, and each of them is shunted by the third (output)
arm. The latter consists of an inductive element Lout, which
generates a magnetic flux Φout = LoutIout when a current Iout
flows through it (currents in the input arms are denoted as IA,B
in Figure 1). The input signal of the neuron is the magnetic flux
Φin, created using a control line (CL, shown as a dashed line in
Figure 1), an external solenoid, or another method. An addition-
al magnetic flux Φb is also introduced into the neuron, influ-
encing the shape of the neuron’s transfer function (TF)
[1,12,14].

Figure 1: Schematic representation of a Gauss neuron, adapted from
[14] (see details in the text).

When developing experimental superconducting neurons
[17,18], it is essential to understand how the TF transforms
when certain basic assumptions are violated. This can be impor-
tant for improving device design and diagnosing potential
faults. In this work, we consider three possible violations of the
equivalence principle (“symmetry”) of the input arms of the
Gauss neuron. The most expected violation is the imbalance of
the critical currents of the JJs, i.e., IcA ≠ IcB. Indeed, during the
fabrication of Josephson devices, variations in critical currents
of around 5% are observed, even among leading manufacturers
[19]. We will refer to this violation as Josephson asymmetry (it

can also be called critical current asymmetry or Josephson
inductance asymmetry). Another possible violation involves
asymmetry in the input arm inductances with LA ≠ LB. This
asymmetry may be referred to as “inductive” or “geometric” as
it arises from differences in the shape of the input arms due to,
for example, defects in the thin-film structure. The third type of
asymmetry may be associated with unequal signal supply into
the input arms of the neuron. Below, we analyze the transfor-
mation of the TF in each of these cases and compare it with ex-
perimental results [18].

Symmetric Gauss Neuron
For clarity and systematic exposition, let us first consider the
case of a symmetric Gauss neuron [8,12,14]. The equations of
state consist of Kirchhoff’s law in the node O (Equation 1) and
two phase balance equations in the partial loops of the neuron:

(1)

(2)

(3)

Here, φA,B is the phase difference across the junctions JJA,B,
IcA,B are the critical currents, and Φ0 is the magnetic flux quan-
tum. Equation 2 is written for the left input loop, consisting of
the left input and output arms (see Figure 1); Equation 3 is for
the loop consisting of the right input and output arms (right
input loop). The positive directions of currents (indicated by
arrows in Figure 1) and the directions of loop traversal (counter-
clockwise and clockwise for the left and right loops, respective-
ly) are chosen according to [14]. The phase balance equation for
the full input loop, consisting of both input arms, is obtained by
subtracting Equation 2–Equation 3. The symmetric case
assumes LA = LB = L and IcA = IcB = Ic.

The next step is to adopt dimensionless units: the magnetic flux
is normalized by Φ0/2π, the current is normalized by the criti-
cal current Ic, and the inductance is normalized by the
Josephson inductance LJ = Φ0/2πIc. Thus,

(4)

(5)

The normalized system of equations takes the form [14]:

(6)
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(7)

(8)

By solving this system for the input and output fluxes, we
obtain the TF of the Gauss neuron ϕout(ϕin), which can be
written as a two-parameter dependence:

(9)

(10)

(11)

Equation 10 and Equation 9 are derived as the sum and the
difference of Equation 7 and Equation 8, respectively.
Equation 11 is obtained by substituting Equation 10 into Equa-
tion 6 to eliminate the output signal ϕout. By using the common
method of introducing half-sum and half-difference of phases
[1,8,9,12,14], φ+ = (φA + φB)/2, φ− = (φB − φA)/2, the system of
Equation 10 and Equation 11 can be represented as:

(12)

(13)

(14)

where, for brevity, we have introduced the notation g± =
sinφ±cosφ∓. Equation 12 and Equation 13 determine the depen-
dence of the input and output fluxes on the parameters φ±, while
Equation 14 links these parameters. One may also note the
linear relationship between the output signal and the mean
phase φ+ according to Equation 13.

The TF (Equation 12–Equation 14) is obviously periodic with
respect to ϕin. Within the first period, the TF of the Gauss
neuron represents a symmetric bell-shaped curve that “rests” on
a horizontal line (Figure 2a). The symmetry of the TF allows for
the use of such neurons in radial basis function networks [20],
with the position of the baseline being taken as the zero value of
the TF when designing neural networks based on this element.
This value can be determined from the system of
Equation 12–Equation 14 as the value of ϕout at zero ϕin. By

Figure 2: (a) Transfer function of the symmetric Gauss neuron accord-
ing to Equation 12–Equation 14 for l = 0.29, lout = 0.48, and
ϕb = 0.155π. The calculation parameters correspond to the experimen-
tal work [18]. (b) Dependence of the baseline ϕout(0) on the bias flux
ϕb for the same sample (solid black line). The red dashed line shows
the linear approximation of the central part of the dependence (see
discussions in Sections Symmetric Gauss Neuron and Results (C)).
The black dashed line shows the secondary solution that does not
provide a bell-shaped response.

symmetry, we obtain φ− = 0 according to Equation 12 and

(15)

according to Equation 13 and Equation 14. The solution of this
transcendental equation can be represented as a parameterized
integral [8]:

(16)

where θ(x) is the Heaviside step function. The numerical solu-
tion of Equation 15 is shown in Figure 2b. The solution is
2π-periodic, and the dashed black line depicts the secondary
branch of the solution that does not allow for a bell-shaped TF
and cannot be obtained from Equation 16. Such a solution
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appears for sufficiently large ϕb when (l + 2lout) > 1. The calcu-
lation parameters correspond to the experimental sample inves-
tigated in our previous work [18]. It can be seen that in a suffi-
ciently wide range, the graph is close to linear: deviations from
the linear approximation are observed only for sufficiently large

.

Results
A. Josephson asymmetry
Now, let us assume that, for whatever reason, the critical
currents of the neuron’s JJs have become unequal, IcA ≠ IcB.
First of all, a difficulty arises when introducing dimensionless
parameters in the system of Equation 1–Equation 3 as it is
unclear which value of IcA,B should be used for normalization
in Equation 5. We begin by normalizing the magnetic flux and
dividing Equation 2 and Equation 3 (which have the corre-
sponding dimensions) by the quantity Φ0/2π. They will immedi-
ately take the normalized form (similar to Equation 7 and Equa-
tion 8) if we define

(17)

Thus, it can be said that in the case of Josephson asymmetry,
the system of Equation 1–Equation 3 allows for the normaliza-
tion of the inductances of the input arms to individual
Josephson inductances . Note that the quantities lA,B can
also be introduced in Equation 1. To do this, we multiply it by
the inductance L and notice that LIcA,BsinφA,B are the magnetic
fluxes created by the Josephson currents in the elements LA,B.
Therefore, the resulting equation should also be divided by the
unit of magnetic flux Φ0/2π. The normalized system of equa-
tions thus takes the form

(18)

(19)

(20)

where . By performing transformations similar to
those in Section Symmetric Gauss Neuron, we obtain

(21)

(22)

(23)

The transition to the half-sum and half-difference of phases in
Equation 21–Equation 23 naturally exposes the “asymmetry
angle” α according to

(24)

The normalized inductances of the arms are expressed through
the asymmetry angle as follows:

(25)

Thus, the parameter  characterizes the effective induc-
tance of the input circuit, and tanα represents the imbalance of
the critical currents. Introducing (φ+, φ−) and performing some
simple trigonometric transformations, we obtain the two-param-
eter solution in the form:

(26)

(27)

(28)

Here, for brevity, we introduce the notation .
In general, the system of Equation 26–Equation 28 resembles
the form of the solution in Equation 12–Equation 14 with the
exception of the terms containing . Equation 27 coincides
with Equation 13. This is possible because in Equation 22 and
Equation 23, the coefficients before the sine terms in the paren-
theses are the same. Josephson asymmetry leads to the replace-
ment of g+ and g− in Equation 12–Equation 14 with linear com-
binations of the g± terms, as indicated in the square brackets in
Equation 26–Equation 28. The functions of Equation 12–Equa-
tion 14 and Equation 26–Equation 28 coincide when α = π/4,
which occurs in the symmetric case IcA = IcB. The range of
variation for the parameter  is ±π/4 when, for example, IcA
changes within 0 ≤ IcA < ∞. Exceeding these limits is possible
if one of the Josephson junctions is a π-junction with a negative
sign of the current–phase relation (see, for example, [21,22]).
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The use of π-junctions in the context of developing adiabatic
Josephson logic is discussed, for example, in [23,24].

Figure 3 shows the calculated TF for different cases of
Josephson asymmetry. The calculation parameters ( , lB, ϕb)
were chosen according to the experimental work in [18]. It is
assumed that the parameter IcA changes while IcB remains con-
stant. It can be seen that as tanα increases, the curve becomes
asymmetric, that is, the left part becomes flatter, and the right
one steeper (Figure 3a). For sufficiently large asymmetry
(  for the parameters in Figure 3a), the transfer func-
tion becomes multivalued, and hysteresis should be observed
during the experiment. In the case of reverse asymmetry
(tanα < 1), the right wing of the transfer function becomes
flatter (Figure 3b). The baseline remains horizontal (ϕout(0) =
ϕout(2π)), but it may intersect the distorted transfer function.
Note that a significant distortion of the bell-shaped transfer
function is observed when the critical currents diverge by a
factor of 1.3 or more, while an asymmetry of the order of 1.05
is unlikely to be noticeable to the naked eye. The difference be-
tween Figure 3a and Figure 3b is due to the different meaning
of zero and infinite tanα limits: the first one corresponds to the
break of the junction JJA, while the second corresponds to
shorting of the junction JJA. In the first case, the inductance lA
turns to infinity and the neuron becomes a single-junction
SQUID, whose multistability condition is . The
screening current circulates mainly in the JJB–L–Lout partial
loop. In the case of infinite tanα, the Gauss neuron becomes a
shunted single-junction interferometer (in fact, a Sigma neuron
[7]), whose multistabitity condition can be expressed as
(L + LLout/(L + Lout)) < LJ (see [13,17]). In that case, the
screening current circulates mainly in the JJA–L–Lout circuit,
which defines the side the TF is tilted to.

Characterizing the Josephson asymmetry through the ratio of
critical currents or the angle α is not the only possible approach.
Using the definitions in Equation 24 and Equation 25, we get:

(29)

where l± are defined as:

(30)

Using these definitions (and also the definition of the coeffi-
cient ), the transfer function of the Gauss neuron with
Josephson asymmetry takes the form:

Figure 3: Transfer function of the Gauss neuron according to Equa-
tion 26–Equation 28 at different values of the Josephson asymmetry
parameter tanα = IcA/IcB for tanα ≥ 1 (panel a) and tanα ≤ 1 (panel b).
The parameters are , lB = 0.29, and ϕb = 0.155π.

(31)

(32)

(33)

The form of Equation 31–Equation 33 is closest to
Equation 12–Equation 14 (the matching terms are highlighted in
square brackets). The parameter l+ characterizes the effective
inductance of the input circuit, while l− represents the imbal-
ance in the normalized inductances of the Josephson circuits.
Note the complete coincidence of Equation 13 and Equation 32,
which define the linear relationship between the output signal
and the sum phase. The influence of Josephson asymmetry
reduces to the appearance of conjugate terms of the form l−g± in
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Figure 4: Transfer function of the Gauss neuron with different inductance ratios for the receiving arms (given in the legend) at a constant value of lB in
case of increasing (panel a) or decreasing (panel b) lA.

Equation 12 and Equation 14. The transition to the symmetric
case occurs when lA = lB = l+, l− = 0.

B. Inductive asymmetry
Now let us consider the case of asymmetry in the self-induc-
tances LA ≠ LB (“inductive asymmetry”). We will assume that
the Josephson inductances are the same: . This
allows us to apply the standard normalization of the induc-
tances of the Gauss neuron elements described in Section Sym-
metric Gauss Neuron. The normalized equations of the states
described in Equation 1–Equation 3 take the form

(34)

(35)

(36)

It differs from the “symmetric” system (Equation 6–Equation 8)
only by the different values of inductances lA and lB in Equa-
tion 35 and Equation 36. By adding and subtracting Equation 35
and Equation 36, we obtain the system of equations in the
following form:

(37)

(38)

(39)

A transition to phases φ+ and φ− is hindered by the fact that the
coefficients in front of the Josephson currents sinφA,B in Equa-
tion 39 differ from the coefficients in Equation 37 and Equa-
tion 38 (unlike in the system of Equation 21–Equation 23). In
this case, using the asymmetry angle appears unreasonable. By
introducing the quantities l± according to the definition in Equa-
tion 30, we obtain the following system after simple transfor-
mations:

(40)

(41)

(42)

The terms inside square brackets are those present in the “sym-
metric” system (Equation 12–Equation 14). Note that in the
case of inductive asymmetry, the linear relationship between
ϕout and φ+ is not preserved (unlike in the Josephson asym-
metry case). The condition relating the parameters of the phase
differences φ± is also different (compared to the system of
Equation 31–Equation 33). The symmetric case is obtained
when lA = lB = l+, and l− = 0.

Figure 4 shows the family of transfer functions for different
values of lA/lB. The calculation parameters (lB, lout, ϕb) corre-
spond to the sample studied experimentally in [18]. It is
assumed that LA changes while LB remains constant. As in the
previous section, inductive asymmetry causes a tilt of the
transfer function, bending one wing of the transfer function and
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widening the other. As lA/lB increases, the distortion of the
transfer function increases (Figure 4a), which leads to its multi-
valuedness (and hence to hysteresis). This is related to the
increase in the inductance of the overall receiving circuit 2l+ as
lA increases. The opposite change (reducing lA while keeping lB
constant) weakly affects the shape of the transfer function,
mainly leading to a slight distortion of the right half of the
graph (Figure 4b). The difference between Figure 4a and
Figure 4b can be understood by analogy with Josephson asym-
metry. Note that all the distortions in Figure 3 and Figure 4
have slightly different shapes, which allows them to be distin-
guished during the initial analysis of experimental data.

In recent years, a number of superconducting devices have been
proposed based on very thin superconducting films whose
kinetic inductance may be comparable to the magnetic one
[11,25,26]. Indeed, the inductance of a superconducting film
carrying an electric current consists of two components,
namely, the magnetic inductance (originating from the magnet-
ic field energy) and the kinetic inductance (originating from the
kinetic energy of the superconducting electrons). Should one
want to account for the kinetic inductance, the initial
Equation 1–Equation 3 remain unchanged, as it is the total
inductance value that determines the phase balance conditions
in Equation 2 and Equation 3. However, the value of ϕout in
Equation 13 has then the meaning of the phase difference across
the output arm, which cannot be directly measured in an experi-
ment. The measurable output signal is defined only by the com-
ponent of ϕout that originates from the magnetic flux generated
by the output current Iout. To account for this, one can simply
rescale ϕout in Equation 2 and Equation 3 by the factor

, where  is the magnetic part of total inductance
Lout. Therefore, the use of ultrathin superconducting films is not
a promising approach for implementing a superconducting
Gauss neuron.

C. Input asymmetry
One more possible type of asymmetry is related to the unequal
input signal supply to the neuron’s receiving arms. To parame-
terize this asymmetry, we introduce the parameter t, such that
the magnetic fluxes in the left and right partial loops of the
neuron are (1 ± t)Φin. Then the total flux in the neuron is 2Φin
(as in previous sections), and  is simply the half-sum
of the input fluxes in the partial loops. The imbalance (half-
difference) of the input fluxes is the asymmetry term

. In a practical situation, the magnetic flux is
supplied into the neuron via a CL, inductively coupled to the
receiving elements in some manner. Therefore, input asym-
metry effectively means that the mutual inductances  be-
tween the CL and the Josephson arms of the neuron are differ-
ent. In this case, we can express the coefficient t through these

inductances. Writing the input fluxes in the partial loops as
 (where ICL is the current in the CL), we get

(43)

Let us assume that the arms of the neuron are symmetric,
meaning that there is no inductive or Josephson asymmetry.
Then, the system of equations of state for the Gauss neuron in
the standard normalization can be written as

(44)

(45)

(46)

Upon transformations analogous to those made in Section Sym-
metric Gauss Neuron, the first equation of the new system
(compare with the system of Equation 12–Equation 14) remains
unchanged. The other two acquire new terms proportional to the
asymmetry term tϕin:

(47)

(48)

(49)

One may note the mixing of the asymmetry term to the output
flux according to Equation 47–Equation 49. If t = 0, the system
of Equation 47–Equation 49 transforms into Equation 12–Equa-
tion 14.

The TF plots for different values of the asymmetry parameter t
are shown in Figure 5. The calculation parameters (l, lout, ϕb)
correspond to the sample studied experimentally in [18]. For
t = 0, the TF is a (blue) bell on a horizontal baseline, as demon-
strated in Section Symmetric Gauss Neuron. However, for non-
zero t, the baseline becomes slanted and the transfer function
essentially acquires a “linear component”. This behavior can be
understood by noticing that the input signal is essentially
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Figure 5: Transfer function of the neuron according to Equation 47–Equation 49 with different imbalance coefficients of the input signal t (positive on
panel a and negative on panel b). Dashed lines represent the asymptotic baselines.

“mixed” into the bias flux: to obtain Equation 47–Equation 49
from Equation 12–Equation 14, one should make a substitution
ϕb→ϕb − tϕin. This can be seen in Equation 44–Equation 46 by
moving the asymmetry terms to the right-hand side. In other
words, when ϕin is swept in the positive direction, the effective
bias flux  (which determines the imbalance of the
magnetic flux in the receiving loops ofthe Gauss neuron)
decreases for t > 0. The decrease in , in turn, leads to a shift
in the TF’s baseline value linearly with  (Figure 2b) for suffi-
ciently small . Linearity requires correspondingly small t
(  for Figure 5) since within one period of the input
signal, the shift of ϕb reaches 2πt.

The increase in the slope of the baseline as t grows (in absolute
value) makes the left branch of the transfer function (ϕin ≤ 0.5)
flatter, and the right branch (ϕin ≥ 0.5) steeper. As t increases,
the right branch becomes vertical, and at t ≈ 0.13, the transfer
function becomes hysteretic (see the red curve in Figure 5a).
The slope of the linear component is inverted when the sign of t
is changed (Figure 5b).

Discussion
All the asymmetry types considered are “independent”,
meaning they cannot be reduced to one another through alge-
braic transformations. This statement is evident for input asym-
metry, which leads to a slope of the baseline, unlike the other
two cases. As for Josephson and inductive asymmetries, the
corresponding equations of state (Equation 18–Equation 20 and
Equation 34–Equation 36) differ only in the form of the first
equation in the system (which originates from Kirchhoff’s law)
and can be reduced to a common form only in the case lA = lB
(that is, for a symmetric Gauss neuron). Moreover, the three
types of symmetry breaking for the Gauss neuron presented

here exhaust the list of possible asymmetries of its arms.
Indeed, each receiving arm of the Gauss neuron (Figure 6) is
formed by two elements (a JJ and an inductance) and is charac-
terized by three quantities, namely, its own (geometric) induc-
tance, the critical current of the JJ (Josephson inductance), and
the sensitivity to the input signal (i.e., mutual inductance with
the CL). The fluxes ϕout and ϕb cannot be a direct source of
asymmetry in our model, since they are generated through a
single element Lout, common to both receiving loops. Neverthe-
less, Lout can lead to an effective asymmetry of the input signal
supply, as will be shown below.

Let us try to apply the results obtained above to the experimen-
tal data presented in our work [18]. The experimental curve (see
Figure 6a) represents a flat bell over a slanted baseline, which
indicates the presence of input asymmetry. This is surprising
because both receiving areas of the Gauss neuron are identical
in shape (Figure 6b). However, the effective input asymmetry
may arise due to direct interaction of the input and readout ele-
ments (which does not involve the neuron as a non-linear
converter) as was shown in [27]. Despite the use of a supercon-
ducting screen in experiments [17,18], such an interaction can
occur due to the finite size of the screen. The interaction is
mediated by circulating currents in the screen, which may be
non-zero even at a significant distance from the CL [17,28].

To take this effect into consideration, one should consider the
method of measuring the output flux Φout by stabilizing the
magnetic flux Φsq via the measuring SQUID. The latter consists
of an inductive element Lsq, closed onto a superconducting
screen through JJs JJI,II (an asymmetric two-junction SQUID,
Figure 6b). The output signal is the current in the feedback loop
of the SQUID Ifb that compensates the change in the output flux
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Figure 6: (a) Experimental transfer function of the superconducting Gauss neuron prototype according to [18]. The dashed lines show the baseline
(see discussion in Sections Symmetric Gauss Neuron and Results (C)). The inset shows the calculated TF with t = 0.2 and ϕb = 0.3π. The dashed
lines show the baseline (see discussion in Sections Symmetric Gauss Neuron and Results (C)). (b) Schematic of the structure of the studied sample.
LA,B denote receiving arms, Lout is the output arm, JJA,B are the JJs of the neuron, JJI,II are the JJs of the measuring element (i.e.,SQUID), and Lsq is
the loop of the measuring element. Different colors represent elements in different layers of the multilayer structure. Hatching indicates the areas of
inductive coupling with the input and readout elements. The boundaries of the drawing coincide with the boundaries of the superconducting screen,
shown in gray.

while sweeping Φin. In other words, the current 
represents the difference between the initial and current values
of the current flowing through the loop of the measuring ele-
ment. So, the transfer function of the experimental sample has a
somewhat different (“current”) representation compared to the
earlier proposed (“flux”) one. The relationship between Ifb and
Φout is given by

(50)

where Mout is the mutual inductance between the SQUID and
the output element. The variable Iout can be eliminated from
Equation 50 using the invariance condition for the magnetic
flux in the SQUID [17]:

(51)

After some straightforward transformations, one can obtain:

(52)

where

is the inductance of the output element renormalized due to the
interaction with the reading element [17,18,27].

Equation 52 defines the relation between “flux-type” and “cur-
rent-type” output signals. It is linear but contains three terms.
The first one illustrates a linear type of Ifb(Φout) dependence.
The second one represents a “shift term” that ensures a non-zero
value of the bias flux even if Φb = 0. This can be verified by
substituting Equation 52 into Equation 2 and Equation 3. Note
that no special signal line to provide a bias flux into output
inductance was realized in the experimental work [18], which,
however, did not prevent us from observing a noticeable output
signal. However, the effective bias is hard to control during the
experiment, so it was estimated as a fitting parameter in [18].
Finally, the third term in Equation 52 arises due to the direct
interaction between the input (CL) and readout (SQUID) ele-
ments (Equation 51). Upon substitution into Equation 2–Equa-
tion 3, the third term will cause the appearance of terms charac-
teristic of input asymmetry with t = LoutMsq/MoutMin (with

). Substituting further the values Lout = 7.2
pH, Msq = 0.1 pH, Mout = 2.7 pH, and Min = 2.4 pH given in
[17,18], we get t = 0.2. Calculations based on Equation 52 give
a similar shape of the TF (compared to Figure 6a) at ϕb = 0.3π.
Thus, experimental results correspond to the expected ones, and
a quantitative analysis shall be the subject of our subsequent
publications.

The problem with cross-talk mentioned above (i.e., screen-
mediated interaction) may become more and more severe when
one connects more neurons together. This is why the search for
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the ways to suppress the cross-talk remains one of the main
directions of the neuron’s design optimization. It is worth
noting that the expression for the t-factor implies that it is
possible to change its value by changing Lout. However, the
change of the output arm’s length is not the best way to
suppress the input asymmetry. Indeed, the unlimited decrease in
Lout is impossible at constant values of Mout as its length cannot
be smaller than the overlap region with the SQUID-sensor loop.
Therefore, the t-factor can be just increased with no practical
meaning. The most promising ways to dump the effective input
asymmetry are the increase of input mutual inductance Min and
the suppression of the screen-mediated interaction (a decrease
of the Msq value). Some methods of suppressing this interac-
tion are discussed in [26]. The simplest ones include increasing
the size of the screen and creating a reverse CL that is not
coupled to the neuron (except screen-mediated coupling) and
carries the control current in the opposite direction. Calcula-
tions show that this decreases Msq by about five times. It is also
useful to eliminate sections of the SQUID that are parallel to the
CL. This is the main direction of optimization of the Gauss
neuron design at the present time.

Conclusion
In this work, the changes in the form of the transfer function
(TF) of a Gauss neuron under various violations of the equiva-
lence condition of its receiving loops were investigated. It was
shown that the imbalance of the self or Josephson inductances
of the neuron’s receiving arms leads to a “tilt” in the TF. The
distortion of the TF shape in these cases is somewhat different,
which provides an opportunity for visual diagnostics of experi-
mental sample faults. The imbalance of the input signal results
in the tilting of the baseline, which is not observed in other
cases. Comparison with the experiment indicates the presence
of input imbalance, which can arise even in a symmetric sam-
ple design due to the direct interaction between the input and
readout elements.
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Abstract
The paper presents a mathematical model for studying the magnetic behavior of atoms, which takes into account spin and inter-
atomic interactions. Two problems were solved by means of mathematical modeling. At the first stage, the problem of modeling a
small nanoscale system (500 atoms) consisting of cobalt atoms was solved. The purpose of this stage of computational experiment
was to check the convergence of the solution and compare the obtained data with the results of other studies. The performed calcu-
lations and satisfactory correspondence to the previously obtained data confirmed the adequacy of the applied mathematical model.
The second stage of numerical studies was devoted to the analysis of the magnetic behavior of cobalt nanofilms of different thick-
nesses. It was shown that the film thickness has a significant influence on the magnetic parameters of the modeled nanoscale
systems. It was found that the magnetic energy and magnetization norm of the system change in a nonlinear manner with increas-
ing number of crystalline layers of the nanofilm. The peaks found on the graph of the magnetization rate change can be caused by
surface effects in thin films and the formation of Neel domain walls.

1557

Introduction
Thin film structures [1,2] are increasingly employed each year
in a wide range of applications, serving as functional [3,4], rein-
forcing, light-reflecting, conductive, and dielectric materials.

Their utilization extends to contacts, printed circuit boards, and
integrated circuit elements in microelectronics, as well as to the
fabrication of optical filters, the component base of optoelec-
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tronics, and advanced lithographic processes. Due to active ex-
perimental and theoretical research on thin films, significant
progress has been made in recent years. Since the information
in the field of thin film technologies is updated quite rapidly,
there is a need for a thorough study and optimization of the
main technological processes that are currently used, as well as
fundamental features of the thin film formation processes with
new composition and coatings of various types. These types of
nanomaterials are very promising (in terms of computational
performance and energy dissipation efficiency) for use in super-
conducting digital technologies [5-7] based on Josephson junc-
tions.

It is well established that the properties of nanostructures can
significantly differ from those of bulk samples. Currently, close
attention is paid to thin-film magnetic structures, which include
cobalt and iron [8-10]. Thus, in [1], the crystal structure and
composition of Co–Ni–Fe films were evaluated, and it was
found out how the deposition rate affects the conversion of a
weak magnetic field into magnetic induction. In addition, thin-
film structures based on Fe and Co are among the most promis-
ing materials that can be applied in the creation of magnetic
heads for recording and reading information, memory cells, and
other devices [11] which utilize magnetic properties of materi-
als. Magnetic properties of nanofilms [12,13], in particular
cobalt nanofilms, represent an important subject of research in
both theoretical and practical fields of materials science. These
properties depend not only on the composition, but also on
factors such as film thickness, which in turn affects their appli-
cation in microelectronics, spintronics, and other high-tech
fields.

The aim of this article is to model the magnetic properties
of cobalt nanofilms of different thicknesses and to reveal
the main interdependence mechanisms of dimensional,
structural, and magnetic subsystems. The proposed modeling
methodology and the conducted studies make it possible
to analyze the regularities determining the magnetic proper-
ties of thin films, which will further make it possible to
optimize them for specific applications and tasks. The present
work is a development of earlier publications by the authors
[14-16].

The cobalt thin films studied in this work can be a component
of superconductor–ferromagnetic hybrid nanostructures, which
are the basis for the formation of Josephson contacts [13].
These nanomaterials are widely used [17-19] in the creation of
individual qubits and quantum computers in general, supercon-
ducting microcircuits and interferometers, single photon detec-
tors [20] and other devices of quantum electronics and spin-
tronics.

Mathematical Model for Studying the
Magnetic Behavior of Atoms
To conduct computational experiments, we used a mathemat-
ical model describing the coordinated motion of atoms and the
change of their spin vectors. The spin vector of an atom in this
case was understood as the intrinsic magnetic moment associat-
ed with the momentum of the atom, which was calculated as a
vector sum of the spins of individual electrons included in its
structure and their orbital moments.

The mathematical model of atomic displacement and changes in
their magnetic moments is based on the Langevin [21] and
Landau–Lifshitz–Hilbert [22,23] equations:

(1)

(2)

where UMEAM(r) is the force potential, the modified embedded
atom method (MEAM) potential was used in this work; Hex(r)
is the exchange interaction energy of spins; r = {r1,r2,…,rN} is
the generalized variable showing the dependence on the whole
set of radial vectors of atoms; κ,λ are viscous friction force pa-
rameter and damping spin coefficient, respectively; χ(t), η(t) are
white noise present in the description of atom motion processes
and the behavior of their spins, respectively; and ωi is the multi-
plication value of the gyromagnetic ratio and the local magnet-
ic field [22].

It has been known for quite a long time [24,25] that the fluctua-
tions of thermal and magnetic energy of an atomistic system can
be described in the framework of the Langevin theory. To solve
stochastic differential equations, which are the basis of this
theory, random forces χ(t) and η(t), characterized by the
following properties, are used:

(3)

(4)

where t and t´ are different time points; α and β are components
of the random force vector, for the three-dimensional case
{α,β} = {x,y,z}; δ(t − t´) is the Dirac delta measure; kB is the
Boltzmann constant;  is the reduced Planck constant; B is the
mobility value of the Brownian particle; and Tl and Ts are
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values of the thermodynamic and spin temperatures, respective-
ly [26,27].

The potential of the modified embedded atom method [28,29]
was based on the electron density functional theory. The magni-
tude of the potential UMEAM depends on the set of atomic posi-
tions, which makes the potential multi-body model:

(5)

where Fi is the immersion function of each atom in the electron
gas created by electrons of all other atoms of the system; ϕij(rij)
is the pair potential function; rij = |rij| = |rj − rj| is the distance
between two atoms with numbers i and j; and  is the back-
ground electron density. When describing the electron density,
different types of electron clouds of the atoms under considera-
tion are taken into account, and a sufficiently large set of poten-
tial parameters is involved, which makes MEAM sufficiently
accurate and allows it to be used in solving a wide range of
atomistic modeling problems.

The exchange interaction energy of spins is used in mathemat-
ical models to describe the magnetic behavior of systems and
allows us to reproduce their ferromagnetic and antiferromag-
netic ordering. The total energy value is calculated according to
the following expression:

(6)

where J(rij) is the exchange integral, the sign of which deter-
mines the type of interaction (ferromagnetic or antiferromag-
netic); and si and sj are spin vectors of individual atoms. Equa-
tion 6 provides a connection between the spatial and spin
degrees of freedom of the system through the exchange integral
in the form of the Bethe–Slater curve:

(7)

where ε,δ,γ are parametric coefficients of the model; Θ(Rc − rij)
is the piecewise constant of the Heaviside function; and Rc is
the distance at which the exchange integral is clipped.

The processes of atomic motion and changes in their magnetic
moments were modeled in the LAMMPS software package

Figure 1: Appearance of a cobalt fcc crystallite (500 atoms) together
with the orientation of atomic spins at the final relaxation stage for
thermodynamic and spin temperatures of 300 K.

[30]. This software package was created by a team of authors
from Sandia National Laboratories and is distributed under the
GPL license (i.e., it is freely available in the form of source
codes). The additional package LAMMPS SPIN allows to
perform numerical studies of magnetic systems and calculate
the spin dynamics of atoms [22,31].

Results and Discussion
The present paper deals with the solution of two problems
related to the modeling of magnetic properties of cobalt nano-
structures. The first problem was focused on confirming the
adequacy of the used mathematical model and checking the
convergence of the obtained numerical solutions. The second
task investigated the self-organization of atomic spins in cobalt
thin films and analyzed the dependence of nanofilm magnetic
properties on their thickness. In both problems, there was no
external magnetic field in the system, and the material structure
corresponded to a face-centered cubic crystal lattice (fcc).

The size of the system in the first problem was small at
500 atoms (5 × 5 × 5 elementary crystal cells) and was due to
the study of a similar system in [22]. The appearance of the
modeled cobalt crystallite and the magnetic moments of its
atoms are shown in Figure 1. Periodic boundary conditions
were applied to the computational cell along all coordinate
directions. The system was symmetric along all coordinate axes.
The magnetic parameters of the exchange integral (Equation 7)
were also chosen according to [22]. The magnetic behavior of
the cobalt crystallite was considered in two stages. At the first
stage (50 ps), relaxation of the system was performed, which
resulted in mutual ordering of the spins of the atoms and orien-
tation of the magnetization vector of the whole crystallite in
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Figure 2: Variation of magnetic energy (a) and magnetization modulus (b) of a cobalt fcc crystallite (500 atoms) for different steps of integrating the
systems of Equation 1 and Equation 2.

some specific direction. At the second stage (10 ps), fluctua-
tions of the magnetic values of the system stabilized after the
relaxation stage were analyzed.

For the stage of fluctuations of magnetic quantities, the graphs
of changes in magnetic energy and reduced magnetization
modulus (takes values from 0 to 1) of a cobalt crystallite for in-
tegration steps dt = 0.1–10.0 fs were plotted. These graphs are
selectively illustrated in Figure 2. For the other integration
steps, the dependences have similar behavior. The dotted line in
Figure 2 shows the average values of energy and magnetization
modulus for an integration step of 0.1 fs. For simplicity in
comparing the results with previously known data of other
authors, the magnetic energy and magnetization modulus
analyzed in this work were normalized with respect to the total
number of atoms in the system.

Analysis of the plots in Figure 2 shows that small integration
steps are characterized by smaller fluctuations of magnetic
energy and magnetization modulus. The steps dt = 0.1 fs and
dt = 1.0 fs lead to changes in the instantaneous values of the
magnetic parameters near the average values of E = −4.5936 eV
and |M| = 0.8747, respectively. Comparison of the average
normalized magnetic energy and normalized magnetization
modulus of a similar cobalt crystallite system from [22] gives
values of E = −4.4900 eV and |M| = 0.9019, which correspond
to a relative error value of 2% for energy and 3% for the mag-
netization modulus. The level of deviation of the parameters
may be related to the fact that in [22] the modeling was carried
out within the framework of the microcanonical ensemble,
while in the present work a stochastic approach based on the
Landau–Lifshitz–Hilbert equation was used.

For further analysis of the convergence of the numerical solu-
tions and the influence of the time step on the fluctuations of the

magnetic properties of the system, the relative deviations of the
normalized magnetic energy ΔE(Δt) and magnetization modulus
ΔM(Δt) were calculated. At the same time, additional aver-
aging over the already performed time steps was performed for
the considered quantities:

(8)

(9)

where Nstep is the previously performed number of time steps;
Ek(Δt) and Mk(Δt) are magnetic energy and magnetization
modulus at the current time step; ⟨E⟩(Δt) and ⟨M⟩(Δt) are aver-
age values of the considered parameters over the entire time
period.

The deviations of the magnetic parameters from Equation 8 and
Equation 9 as a function of different integration steps are shown
in Figure 3. For convenience in analyzing the data in Figure 3,
the values along the abscissa and ordinate axes are given in
logarithmic scale. The black dashed lines represent linear
approximation functions, since the calculated points of the
graphs are nearly a straight line. The approximation value for
the deviation of magnetic energy ΔE(Δt) was R2 = 0.96, for the
deviation of magnetization modulus ΔM(Δt) was R2 = 0.93.

A comparison of ΔE(Δt) and ΔM(Δt), obtained from the simula-
tions in this work and the values from [22] indicates a satisfac-
tory qualitative and quantitative agreement of the values. This
analysis confirms that the modeling of magnetic properties and
behavior of nanomaterials at the atomistic level should be
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Figure 3: Dependences of the deviation of the relative normalized magnetic energy (a) and magnetization modulus (b) from different time steps of in-
tegration. The scales on the abscissa and ordinate axes are presented in decimal logarithm values.

carried out at integration time steps of no more than 1.0 fs.
Typical spin dynamics models use a time step 0.1 fs, but the
algorithm remains sufficiently accurate up to a time step of
10.0 fs. Therefore, for conducting computational experiments,
an integration step of up to 10.0 fs can be used. According to
[22], numerical results obtained with a time step of 0.1 fs show
the greatest stability and robustness, since the characteristic
time scales of changes in the magnetic moments of atoms are
much smaller compared to their spatial counterparts. In the
second problem, a unified integration step of 0.1 fs was used for
all computational experiments.

In the second problem, crystalline cobalt (fcc) nanofilms con-
taining 20 elementary crystal cells along the x and y axes were
considered. The thickness of the films in the z-axis direction
was varied in the range from 5 to 20 in steps of one elementary
crystal cell. As studies show, the magnetic ordering in cobalt
nanofilms with a thickness of less than 1.8 nm becomes
unstable, and in the monolayer limit, it can be completely de-
stroyed. When the film thickness is less than 1–2 monolayers
(≈0.2–0.4 nm), the nanofilm ceases to be continuous, forming
islands. This leads to random fluctuations in magnetization. Ad-
ditionally, in monolayers and sub-monolayers, the number of
nearest neighbors for cobalt atoms sharply decreases. This
weakens the exchange interaction that stabilizes the ferromag-
netic order. Disruption of lattice periodicity and a high density
of defects exacerbate this problem. For these reasons, such
studies are not included in this article. Thus, 16 computational
experiments were realized in the second task, in which the
thickness of the nanofilms was gradually increased and the in-
vestigated systems contained from 8,800 to 32,800 cobalt
atoms. Along the horizontal axes (x and y), periodic boundary
conditions were applied along the edges of the nanofilm, while

vertically (z coordinate axis) the boundaries of the computa-
tional cell remained free.

The numerical realization of each individual computational ex-
periment included two stages. At the first stage, the system
proceeded through the stage of partial ordering of magnetic
moments from the initial random distribution of spins and
subsequent relaxation within 50 ps. This stage was necessary to
exclude the influence of initial conditions on the magnetic char-
acteristics further investigated. In the second stage, the magnet-
ic properties of the previously energetically equilibrated cobalt
nanofilm were investigated. The duration of the second stage
was 10 ps. In both stages, there were no external influences on
the system. The thermodynamic and spin temperatures were
maintained at 300 K, with temperature damping parameters of
τt = τs = 0.01 ps.

Magnetic energy and reduced magnetization modulus were
considered as the investigated properties of cobalt nanofilms.
As in the first problem, these quantities were normalized com-
pared to the total number of atoms of the system for conve-
nience of comparison. Figure 4 and Figure 5 are plots of the
time variation of magnetic energy and magnetization modulus
for the whole series of computational experiments. For clarity,
the shade of the lines in the graphs is depicted in a darker color
with increasing film thickness Lz, where Lz = 1.8 nm corre-
sponds to five elementary crystal cells, and Lz = 7.1 nm to
20 elementary crystal cells.

As can be seen from the graphs in Figure 4 and Figure 5, the
magnetic energy of the systems at this stage of the computa-
tional experiment stabilizes and does not significantly change
over time; only its insignificant fluctuations are noticeable. In-
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Figure 4: Variation of the magnetic energy of cobalt (fcc) normalized by the number of atoms in the system for nanofilms with thicknesses of
1.8–7.1 nm and thermodynamic and spin temperatures of 300 K.

Figure 5: Variation of the magnetization modulus of cobalt (fcc) normalized by the number of atoms in the system, for nanofilms of thicknesses
1.8–7.1 nm and thermodynamic and spin temperatures of 300 K.

creasing the thickness of the nanofilm, in turn, leads to a de-
crease in the value of magnetic energy, in connection with
which a gradient change of colors in the graphs in Figure 4 is
observed. The most significant differences in the magnetic
energy values were obtained for thin films Lz = 1.8–3.2 nm. For
thicker cobalt nanofilms, the values of normalized magnetic
energy are in the range of −4.56 to −4.53 eV. Such behavior of
the magnetic energy can be related to the fact that with increas-
ing thickness of the nanofilm, the fraction of its surface atoms
decreases and the influence of various surface effects decreases.
As the number of crystalline layers of the nanofilm increases,
the modeled system approaches a bulk material in terms of its
physical properties. That is why, from the point of view of func-

tional characteristics, thin-film ferromagnetic nanostructures are
of the greatest interest.

Analysis of the graphs in Figure 5 shows that for the whole
series of computational experiments after the relaxation stage,
the magnetization modulus value also slightly changes in time.
The simulation results indicate that as the thickness of the
nanofilm increases, there is a tendency to decrease the value of
its magnetization modulus. Most of the values are concentrated
in the range from 0.05 to 0.13. However, there are a number of
exceptions to the smooth gradient variation of the magnetiza-
tion modulus in Figure 5, indicating its nonlinear dependence
on the thickness of the investigated nanofilm. Since on the basis
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Figure 6: Variation of magnetization vector components (in absolute values) Mα,α = {x,y,z} as a function of cobalt nanofilm thickness measured in
crystalline layers Lz, M = |M|.

of Figure 5 it is difficult to speak about the type of the obtained
dependence, we have plotted graphs of changes in the indi-
vidual components of the magnetization vector (in absolute
values), which are presented in Figure 6. In a separate inset in
Figure 6, the behavior of the magnetization modulus for cobalt
nanofilms of different thicknesses is shown. As Mα in Figure 6,
the time-averaged value of the components of the magnetiza-
tion vector was used.

The study of the dependences plotted in Figure 6 indicates that
the film thickness has a significant effect on the magnetization
value. A three-modal distribution of the magnetization vector
components with peaks is observed at nanofilm thicknesses of
6, 10, and 12 crystal cells. The intensity of the peaks decreases
with increasing thickness of the cobalt layers, which is clearly
visible in Figure 6. The value of each next mode decreased in
absolute value by more than 50% compared to the previous one.
It is also interesting to notice that all three modal values were
obtained for nanofilms with an even value of crystalline layers.
The influence of the nanofilm thickness on the magnetization
value significantly decreases for film thicknesses above 4.5 nm.
In this range of values, local oscillations of the magnetization
vector components occur, but they do not significantly affect
the final modulus value.

The presence of the obtained peaks of the magnetization vector
components distribution in Figure 6 may be due to surface
effects in thin films and the formation of domain walls.
Depending on the symmetry of the modeled crystalline struc-
tures, the joint orientation of magnetic moments of atoms and

their way of turning on the boundary, the types of domain walls
may differ. For example, Bloch-type domain walls, Neel-type
domain walls, walls with reduced angle, and cylindrical domain
walls are known. Analysis of magnetic moments of atoms
mutually ordered as a result of modeling has shown that, for
some cases of calculations for thin films of cobalt, the forma-
tion of Neel domain walls is typical [32-34]. An illustration of
the resulting Neel domain wall is given in Figure 7, which
shows the orientation of atomic spins obtained by numerical
simulation after the relaxation and equilibration of the system.

As can be seen in Figure 7, the reversal of the magnetic
moments of individual atoms occurs in the plane of the
nanofilm. After the reversal, the spins of the atoms are oriented
in the opposite direction, which is demonstrated in the right part
of Figure 7. For nanofilms with a thickness of 13–20 crystalline
layers, the formation of Neel walls dividing the modeled sam-
ple into domains with opposite directions of magnetic moments
is observed. As a result, the total magnetization of the nanofilm
is formed in the range of 0.07–0.01. It is known that the Neel
domain walls occur in thin films with a thickness of 100 nm or
less, which agrees well with the simulation results obtained.
Since it is typical for ferromagnetic materials to form domains
and domain walls due to the strong interaction of spin moments
of nearby atoms, the data of computational experiments confirm
the ferromagnetic nature of the magnetic behavior of cobalt
nanofilms.

For nanofilms with thicknesses of 6, 10, and 12 crystalline cells,
which corresponded to the peaks and maximum values of the
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Figure 7: Formation of Neel domain walls in a cobalt nanofilm after the relaxation stage.

Figure 8: Variation of cobalt magnetic energy as a function of nanofilm thickness measured in crystalline layers.

magnetization vector, the formation of domains of approxi-
mately the same size with antiparallel spin distribution was not
observed. The predominant orientation of magnetic moments of
cobalt atoms in a certain direction led to bursts and jumps in the
values of individual components (x, y, z) of the magnetization
vector and its modulus as a whole, which is clearly visible in
the graphs in Figure 6. Due to the fact that it is difficult to
assess the peculiarities of the connection between the magnetic
energy of the modeled nanofilms and their thickness in
Figure 4, the graph for these values was separately plotted.

Figure 8 shows a nonlinear dependence of the magnetic energy
on the thickness of the modeled nanofilm. The given values of
magnetic energy were pre-averaged over time for a period of
10 ps after the relaxation step. The smooth change of the graph
in Figure 8 may be due to a gradual and uniform decrease in the
fraction of surface atoms of the nanofilms as their thicknesses
increase.

The graph of calculated magnetic energy values is well approxi-
mated by a polynomial dependence of the fifth degree (the
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equation is shown in the frame in Figure 8). The value of relia-
bility of the constructed trend line is 0.9997. Simplification of
the approximating function to a polynomial of the third degree
(the coefficients in front of the 4th and 5th order terms are quite
small) also brings about good results of the trend line at the reli-
ability level of 0.9978. Linear approximation gives a lower indi-
cator of the reliability level (i.e., 0.8848).

Conclusion
The mathematical model considered in this work allows us to
investigate the magnetic behavior of a nanoscale system taking
into account spin and interatomic interactions. The mathemat-
ical model is based on the joint solution of the Langevin and
Landau–Lifshitz–Hilbert equations. In this work, the multi-par-
ticle potential of the modified immersed atom method, which is
well established for solving such problems, is used to describe
the interatomic interaction.

Numerical studies of the magnetic behavior of cobalt-based
nanofilms were carried out in two stages. Analysis of the
convergence of numerical solutions and evaluation of the time
step effect on the fluctuations of the magnetic properties of the
system showed that modeling of magnetic properties and behav-
ior of nanomaterials at the atomistic level should be carried out
at integration time steps of no more than 1.0 fs. A time step of
0.1 fs was used for the main series of computational experi-
ments.

The study of the influence of the cobalt nanofilm thickness on
the magnetic behavior of the system showed a decrease in the
magnetic energy with increasing film thickness. It should be
noted that the magnetic energy nonlinearly changes with in-
creasing thickness of the cobalt nanofilm. The magnetization
rate of the modeled systems also does not significantly change
with time. The analyzed dependence of the magnetization norm
on the thickness of the studied nanofilms illustrate the non-
linear change of this magnetic characteristic with peaks at
nanofilm thicknesses of 6, 10, and 12 crystal cells. The effect of
the nanofilm thickness on the magnetization value is leveled off
at nm. The effects observed in the investigated films can be due
to surface effects in thin films and the formation of Neel
domain walls.

The dependence of the magnetic energy on the thickness of the
modeled nanofilm has a nonlinear form and is well approximat-
ed by a polynomial of degree 5. Due to insignificant coeffi-
cients in front of the 4th and 5th order terms, the approximation
function can be simplified to a 3rd order polynomial without
significant decrease in the accuracy level. The gradual
nonjump-like change of magnetic energy with increasing thick-
ness of the studied cobalt nanofilms can be associated with a

uniform and proportional decrease in the fraction of surface
atoms in the thickened films.
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Abstract
Increasing the efficiency of quantum processors is possible by moving from two-level qubits to elements with a larger computa-
tional base. An example would be a transmon-based superconducting atom, but the new basic elements require new approaches to
control. To solve the control problem, we propose the use of nonclassical fields in which the number of photons is comparable to
the number of levels in the computational basis. Using theoretical analysis, we have shown that (i) our approach makes it possible
to efficiently populate on demand even relatively high energy levels of the qudit starting from the ground state; (ii) by changing the
difference between the characteristic frequencies of the superconducting atom and a single field mode, we can choose which level
to populate; and (iii) even the highest levels can be effectively populated on a sub-nanosecond time scale. We also propose the
quantum circuit design of a real superconducting system in which the predicted rapid control of the transmon-based qudit can be
demonstrated.
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Introduction
Currently, quantum computing is under active development,
opening new horizons for solving a number of problems that are
difficult for classical processors, including modeling the behav-

ior of quantum systems, optimization problems, breaking cryp-
tographic systems, solving large systems of linear equations,
and analyzing heat conduction equations [1-6].
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The basis for the physical implementation of these computa-
tions is a quantum processor consisting of computational cells
called qudits, whose states can be represented with satisfactory
accuracy in the form of a decomposition into n basis states.
Today, the main focus is on processors based on qubits (a
special case of qudits with n = 2) on a superconducting, ionic,
or other platform. However, it is still not easy to create the
necessary number of qubits and control channels to implement
really useful quantum algorithms. A promising solution to this
problem is to expand the computational basis of an element by
switching to qutrits (n = 3), ququarts (n = 4), and so on [7-12].

We believe that an additional synergistic effect can be achieved
by using quantum electromagnetic fields with a comparable
(with n) number of photons to control such quantum multilevel
systems. The coexistence of different photons in a single wave-
guide should make it possible to use the scarce control circuits
on a quantum chip more efficiently. In the future, the analysis
of the behavior of “qudits + multiphoton quantum field”
systems will form the basis for the practical implementation of
quantum internet and telecommunication systems [13-16].

Among the many possibilities, we will focus on a supercon-
ducting platform; it allows one to create sources and mixers for
microwave photons, qubits, and qudits with corresponding char-
acteristic frequencies of transitions between basis states, as well
as radiation detectors with the claim of being quantum-sensi-
tive [17-26].

So far, the most common artificial atom among the supercon-
ducting ones is considered to be a charge qubit with a large
shunt capacity, namely a transmon [27-29]. The transmon is
technically simple to fabricate, easy to operate, and resistant to
decoherence from various sources. Transmon-based qudits are
already being used to detect microwave fields [30]. The latter
feature makes it possible to achieve a long lifetime of this artifi-
cial atom; in a recent work [29] “coherence” times of T1 =
64–13 μs, Ramsey periods of T2R = 85–16 μs, and Hahn echo
times T2E = 93–22 μs for levels of n = 2–10, respectively, have
been achieved.

It should be noticed that the spectrum of eigenvalues of the
Hamiltonian of a real transmon (a slightly nonlinear oscillator)
is quite close to the equidistant one; however, a number of
widely used theoretical models describing its evolution in an
external electromagnetic field (the Jaynes–Cummings model)
do not take into account the high-lying energy levels of the arti-
ficial atom, nor the nonlinearity existing in a real solid-state
system [31-33]. In our fully quantum analysis of the
“atom”–field interaction, the nonlinearity of transmon will be
taken into account.

Figure 1: Schematic representation of the model under discussion: A
few-photon microwave field from a high-quality resonator (red) affects
an artificial transmon-based atom (blue). The potential energies and
energy spectra for harmonic (resonator) and anharmonic (transmon)
oscillators are shown above. Crosses mark the Josephson junctions in
the transmon interferometer. The external magnetic flux Φext is used to
tune the spectrum of a transmon.

This article presents the results of a theoretical description of
the interaction between a few-photon microwave non-classical
field and a transmon-based qudit with several, even high-lying,
levels being taken into account. We develop methods of rapid
quantum control of the designed transmon-based qudit and its
state population dynamics. The structure of the article is as
follows: First, the model of the system under study is described
in more detail, followed by a theoretical description of the
Fock-based control of the qudit states and a discussion of
possible practical implementations.

Results
Model description
The system under consideration consists of a high-quality
superconducting resonator (the quality factor is about 105–106

and depends mainly on the external coupling Cin/out) connected
to a transmon [34] by a capacitance Cg (see Figure 1). The
resonator in this system is a quantum harmonic oscillator with a
fully equidistant energy spectrum described by the bosonic
ladder operators  and , and the photon number operator

. The transmon is considered as an anharmonic oscil-
lator (with ladder operators  and ) with the number of exci-
tations in the solid-state system similarly introduced as

. In a transmon, the inductance is created using a non-
linear element, that is, a nanoscale Josephson junction (JJ), or a
pair of JJs forming an interferometer-like circuit, so the spec-
trum is no longer equidistant. In the case where the JJ pair is
used, the characteristic (plasma) frequency of the transmon can
be quickly adjusted in 10–20 ns in the range of 1 GHz by an
external magnetic field [35]. In practice, researchers try to
reduce the transmon frequency dependence on the external
magnetic field to get rid of parasitic flux fluctuations. A large
shunt capacitance CB is needed to increase resistance to para-
sitic charge fluctuations [36].
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A few-photon non-classical microwave field (with a certain
number of photons, k0) enters the resonator [37-42] with vari-
able frequency detuning Δω between the resonator and the arti-
ficial atom. The time evolution of the quantum state of the
transmon qudit, the populations of its eigenstates, and the num-
ber n of excitations induced in the superconducting system by
the quantum field is studied. By taking into account the nonline-
arities in the system, it will be shown that there is a certain
value of the frequency detuning at which the dynamics of the
energy transition from the field to the solid-state system and
vice versa is most efficient.

Theoretical description of Fock-based qudit
control
First, we need to quantize the field in the harmonic oscillator
that corresponds to a high-quality resonator. The energy of the
electric field stored in the capacitor and the energy of the mag-
netic field stored in the inductor can be written as follows:

(1)

with operators of quantum charge and flux introduced by:

(2)

where

are the vacuum fluctuations of charge and flux, Z0 is the charac-
teristic impedance, and  is the resonator angular
frequency. The transmon is treated almost the same way, but, in
this case, the number of Cooper pairs on the shunt capacitor CB
(island) and the phase on the JJ/(interferometer) are quantized
as follows:

(3)

where charge energy EC = e2/2CB and Josephson energy EJ =
(Φ0Ic)/2π are used (Ic is the critical current flowing through the
Josephson junction). The Hamiltonian for the transmon part of
our system can be written in the following form, taking into
account the nonlinearity [6]:

(4)

where  -E C /12  i s  the  non l inea r i ty  pa ramete r  and
 is the plasma frequency of the transmon.

The first term in the Hamiltonian describes a free linear evolu-
tion of the photon operators, characterized by their oscillations
in time in the Heisenberg representation. The nonlinear term in
the Hamiltonian can be averaged over high-frequency oscilla-
tions, leaving only smoothly varying terms. This procedure
actually corresponds to the so-called rotating wave approxima-
tion, in which the following type of nonlinear term can be ob-
tained:

(5)

The expression for the nonlinear term obtained in Equation 5 in-
dicates that the nonlinearity of the transmon is similar to the
type of Kerr phase modulation , with .
Thus, the Hamiltonian in Equation 4 can be rewritten as
follows:

(6)

Note that, for such a system, the operator  is found to be inde-
pendent on time (being an integral of motion). This means that
this nonlinearity itself leads only to phase modulation without
changing the excitation statistics.

In our case, the dynamics of the excitations of a Josephson
nanosystem (transmon) under the action of a nonclassical elec-
tromagnetic field is studied. The interaction of the photonic and
superconducting subsystems is investigated by direct solution of
the nonstationary Schrödinger equation:

(7)

The Hamiltonian of such a system, taking into account both the
nonlinearity of the transmon and the transmon–field coupling,
can be written as follows:

(8)
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where ω0 + Δω = ωp is the transmon frequency. The interaction
strength of the resonator mode with the Josephson subsystem is
taken as , where  is the
dipole moment of the transmon,

is the vacuum electric field in the resonator that affects the
transmon, and l is the distance that the Cooper pair travels when
tunneling through JJ [43]. The conditions for the application of
the rotating wave approximation, which makes it possible to use
the relation in Equation 5, are Δω ≪ ω0 and g ≪ ω0 [44].

Here, the efficiency of the interaction between two subsystems
is determined by the average photon density ⟨N⟩/Vres, which is
large enough to allow field-induced transitions to occur signifi-
cantly faster than any decoherence processes in the system [29].
This actually corresponds to the strong-field regime and makes
it possible to correctly describe the dynamics of a quantum
system in terms of the nonstationary Schrödinger equation with-
out taking dissipations into account [45].

The developed theoretical approach appears to be very power-
ful and allows one to describe the mutual influence between the
superconducting and field subsystems beyond the perturbation
regime with efficient excitation of transmon being taken into
account. For the case of few photons in the field mode, the ana-
lytical solution of the problem is found. In the general case, the
nonstationary Schrödinger equation (Equation 7) was solved
numerically using the expansion of the total non-stationary
wave function in terms of the interaction-free eigenfunctions of
the Josephson, ϕn, and field, , subsystems:

(9)

where the designation of the total energy in the system is

Substituting the solution in Equation 9 into Equation 7 leads to
a system of differential equations for probability amplitudes
Cn,k(t) to find k photons in the field mode and n-fold excitation
of the transmon:

(10)

Based on the obtained solution, the probability of detecting a
transmon in the state with the number n is given by:

(11)

The probability of finding k photons in the field mode can be
found similarly to Equation 11 as follows:

(12)

The initial state is considered to be the Fock state of the
resonator with the number of photons k0 denoted as .

Discussion
Different regimes of transmon population
dynamics
The first feature demonstrated for the interacting supercon-
ducting subsystem and a single-mode quantum field is a signifi-
cant influence of the Josephson nonlinearity (which is similar to
the Kerr self-phase modulation) on the dynamics of the
transmon excitation. Figure 2 shows 2D distributions character-
izing the time dynamics of the population of different transmon
states in the case of strong and weak nonlinearity in the system.
Here we see Rabi-like oscillations [46-48] between different
transmon states, and the amplitude of these oscillations is char-
acterized by slow modulation resulting from the nonlinearity
effect. It is shown that even a small nonlinearity leads to the ap-
pearance of amplitude modulation, and different numbers of
states are characterized by different modulation and frequency.
Moreover, it is found that significantly different regimes of dy-
namics take place in dependence on the value of the key param-
eter K, which combines the characteristics of both the nonline-
arity and coupling with the quantum field:

(13)

Actually, this parameter represents the ratio between the effi-
cient nonlinearity of the transmon and the strength of its cou-
pling with the quantum field. It is very important that the effi-
cient nonlinearity is calculated for maximal possible transmon
excitation directly determined by the initial number of photons
in the field k0. For relatively small values of the nonlinearity pa-
rameter (K ≪ 1), a strong coupling between the field and the
Josephson subsystem gives rise to periodic transition of the
transmon to high-energy states, as can be clearly seen in
Figure 2a. Here, all the energy initially stored in the field can be
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Figure 2: Distribution (colored) of the probability of transmon state excitation versus time with initial state  for nonlinearity parameters
(a) γ = −0.001ω0 and (b) γ = −0.01ω0 for g = 0.03ω0, Δω = 0. The dimensionless time unit is t, which is converted to dimensional units via the formula
τ = 2πt/ω0.

transferred to the transmon with periodic maximal population of
the highest possible excited transmon state with n = k0.

An increase in the nonlinearity of the transmons leads to a sig-
nificant reduction in the period of Rabi oscillations, tR, and the
beat frequency, tbeat, as shown in Figure 2a. When nonlinear
interactions dominate, high-energy excitations are strongly
suppressed. This fact is illustrated in Figure 2b.

Population control through frequency
detuning
As it was shown in the previous section, the regime of strong
nonlinearity, when the parameter K > 1, leads to suppression of
excitation of high-energy transmon states. However, here we
propose and discuss a method how to overcome this effect. We
have found out that it is possible to controllably manage the ex-
citations in the Kerr nonlinear transmon by varying the frequen-
cy detuning of Δω. Using the law of energy conservation in the
case of the initial state , we have analytically
found the formula to determine the optimal value of the fre-
quency detuning that produces the maximum excitation of a
certain transmon state “on demand”:

(14)

where ⟨Wint⟩in/fin denotes the average value of the interaction
energy in the initial and final states of the system, respectively.
For an exact number of exitations in the system, the average

interaction energy is zero, which means that for the case of the
initial state of the transmon, ⟨Wint⟩in = 0. In addition, under the
condition of ensuring the maximum possible excitation, no
energy should be involved in the interaction in the final state, so
⟨Wint⟩fin = 0. Thus, Equation 14 implies an expression for the
optimal frequency detuning at which the maximum excitation of
the state with the highest number n = k0 can be achieved:

(15)

It should also be emphasized that this analytical method, based
on finding the integral of motion, makes it possible to predict
the optimal frequency detuning without solving the system of
Equation 10. Equation 15 is explicitly confirmed by the numeri-
cally calculated 2D probability distribution of the excitation of
different transmon states shown in Figure 3 in dependence on
frequency detuning and time.

A very well-pronounced maximum of the probability is found at
optimal frequency detuning at each of the three presented distri-
butions. It is important to note that Equation 15 is valid and can
also be applied in the case of any intermediate transmon state,
but in this case the characteristic peak width for the level popu-
lation can be large enough to lead to some overlapping and
interference patterns in the distribution (see Figure 3a,b). Physi-
cally, these lateral peaks occur in other settings when not only
the desired state is involved in the excitation, but also some
other neighbors. In this case, the average interaction energy in
Equation 14 becomes non-zero, providing a different energy
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Figure 3: Distribution (colored) of the probability of transmon state excitation versus time of (a) the first, (b) the second, and (c) the third of the
transmon states at g = 0.025ω0 and γ = −0.02ω0 as a function of the frequency detuning Δω for the initial state . The horizontal black
dashed lines correspond to the theoretical values of the detuning  obtained from Equation 15. As the transmon levels n increase, the theoreti-
cal detuning match the maximum detunings from numerical simulations Δωn.

state that leads to additional preferred values of the frequency
detuning.

To demonstrate more precisely the possibility of highly effi-
cient excitation of any transmon state “on demand” by frequen-
cy detuning, we calculate the time-dependent populations of
transmon levels at optimal points. The results are shown in
Figure 4. In the resonance case (Figure 4a), the excitation of
high-energy transmon states is strongly suppressed due to sig-
nificant influence of the Kerr nonlinearity (K = 9.6). However,
it is clearly seen that the frequency adjustments found by Equa-
tion 15 for the first (Figure 4b), second (Figure 4c), and third
(Figure 4d) Fock states are indeed optimal values, providing in-
creased excitation of the considered states. The effect of
possible maximum excitation is especially pronounced for the
highest transmon level when all the input energy of the quan-
tum field is transferred to the superconducting subsystem. Thus,
the optimal frequency detuning allows one to overcome the
suppression of excitation induced by strong nonlinearity and to
achieve a periodically maximum population of a certain
transmon state “on demand”.

Quantum circuit design
The optimal frequency detuning opens the possibility to achieve
maximum excitation of a certain transmon state even under
strong nonlinearity. In practice, however, the case where K is
close to unity may be strongly demanded. This regime corre-
sponds to a rather strong coupling between the transmon and the
quantum field and can be attractive due to the possibility of
much faster transmon dynamics. Moreover, as will be dis-
cussed below, the experimental control of the excitation is much
easier in this case. This regime is difficult to achieve in tradi-
tional qubit-based experiments, where everyone deals with the
weak coupling regime when g/2π ≈ 10 MHz and γ/2π ≈
−100 MHz. Devoret et al. [49] showed that the coupling of the

JJ system with the resonator can be significantly enhanced by
placing it in the gap of the central conductor of the coplanar
waveguide. In this case, the JJ system will interact directly with
the current (magnetic field) in the cavity, and the coupling
strength will change from  to ,
where α is a fine structure constant. This case corresponds to
the so-called “ultrastrong coupling regime” [50,51], which is
beyond the scope of this article.

Later, it was shown that this system is inconvenient for prac-
tical implementation because the low nonlinearity of EC/h ≈
5 MHz and the huge intrinsic capacitance of JJ CJ ≈ 4 pF are
difficult to achieve. The reason was that the JJ system was lo-
cated in the center of the resonator and inductive coupling
prevailed. The problem can be solved by using the so-called
“in-line transmon” design, that is, one should move the JJ
system closer to the edge of the resonator in the area of the
maximum voltage in the standing wave, where capacitive cou-
pling will be implemented. At the same time, the value of the
coupling strength will decrease, but will still remain quite large
in comparison to the characteristic nonlinearity, that is, EC/h ≈
300 MHz [52,53].

In this article, we turned this concept into a realistic design to
demonstrate the experimental feasibility of the proposed qudit
control with microwave photons. In our case, the characteristic
magnitude of the nonlinearity γ/2π = −EC/2h = −100 MHz is
directly proportional to the charge energy EC of the transmon,
which is determined by the capacitance of the remaining part of
the resonator lq = 549 μm (Figure 5, the red part of the
resonator). The coupling strength can be estimated as:

(16)
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Figure 4: Distribution (colored) of the probability of transmon state excitation versus time, obtained in the case of the initial state  in the
regime with predominant nonlinear interaction (K = 9.6) for g = 0.025ω0 and γ = −0.02ω0. Panel (a) corresponds to the resonant case at Δω = 0, panel
(b) corresponds to the optimal frequency for efficient population of the first state Δω = 0.04ω0, panel (c) corresponds to the optimal frequency for effi-
cient population of the second state Δω = 0.06ω0, and panel (d) corresponds to the optimal frequency for efficient population of the third state Δω =
0.08ω0.

and it will vary depending on the external magnetic flux
(EJ(Φext) and ωp/2π(Φext)). Here, Zvac ≈ 377 Ω and Z0 = 50 Ω.
Taking this expression into account, at a typical plasma
transmon frequency of ωp/2π = 5–6 GHz, the coupling strength
will be g/2π ≈ 1.2 GHz, and efficient state control of the qudit
will be possible for low-energy levels, n = 1–3.

Switching between effectively populated states is carried out
when an external magnetic flux Φext is applied to the interfer-
ometer, taking into account the condition 
(Figure 6). The tuning of the plasma frequency is regulated by
the interferometric arm asymmetry, and the values of EJ deter-
mine the magnitude of the critical current and the area of each
JJ: Ic1 ≈ 39.44 nA, S1 = 200 × 197 nm2, Ic2 ≈ 22.21 nA, and
S2 = 149 × 149 nm2, with the usual critical current density of j =
1 μA·μm−2. The frequency of the resonator was chosen to be
ω0/2π = 5.348 GHz to provide simultaneously strong coupling

with the quantum field and optimal detuning from the reso-
nance. In addition, this frequency determines the total length of
the system, that is, 2l = 11.101 mm.

Let us discuss the limitations on the values of the physical pa-
rameters in this scheme. First of all, the following relation be-
tween Josephson and charge energies should be satisfied:
EJ ≫ EC, provided in our design by the ratio EJ/EC ≈ 100,
which correlates well with the chosen type of superconducting
artificial atom. The second constraint CJ ≪ Cs = lqC0 ≪ 2lC0 is
also satisfied (the capacity of JJ can be estimated as CJ = εε0S/d,
ε = 10, and d = 2 nm for an AlOx film).

This implementation has a number of significant drawbacks; the
system takes up a lot of space on the chip, and the impedance
matching for the JJ system and the resonator is a problem.
Nevertheless, for this discussed in-line transmon design, all
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Figure 5: In-line transmon design for efficient transmission of the quantum state. The red part of the central conductor of the resonator and the blue
SQUID form a transmon, the total length of the resonator (green and red parts) forms the main resonant mode ω0.

Figure 6: The dependence of the plasma frequency of the qudit ωp = ω0 + Δω and coupling strength g between this two systems on the external mag-
netic flux Φext. When these two systems are connected, the united system with two modes ω1 and ω2 appears. Anticrossing at the point when the
frequencies of the two systems coincide corresponds to the green vertical line.

necessary parameters are calculated and values of the coupling
strength g corresponding to the optimal transmon frequencies
predicted by Equation 15 and providing the most efficient exci-
tation are found for the four lowest transmon states. For each
considered transmon state, its population is numerically calcu-
lated as a function of frequency detuning and time at the found
coupling strength to confirm the designed optimal frequency
condition. The results are shown in Figure 7 and Table 1; they
obviously prove that the optimal detuning providing maximum

excitation of each state explicitly coincides with the value ob-
tained in the designed scheme according to Equation 15 by
varying the external magnetic flux and represented by four pink
vertical lines in Figure 6 with corresponding numbers.

Moreover, it can be easily seen that the control of states is very
rapid and can be performed on the sub-nanosecond time scale.
Indeed, Figure 8 demonstrates the time-dependent probability of
excitation of considered transmon states calculated for each
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Figure 7: 2D distributions of the populations of states with n = 1–4 of the designed transmon with nonlinearity γ = −0.0187ω0 calculated in depen-
dence on frequency detuning and time at certain values of the coupling strength specific for each considered state: (a) g = 0.213ω0, (b) g = 0.219ω0,
(c) g = 0.225ω0, and (d) g = 0.231ω0. k0 = 4 photons are chosen to be initially in the quantum field mode. The horizontal black dashed lines corre-
spond to the theoretical values of the detuning (Equation 15), which is close enough to the numerical calculation results, see Table 1 for details.

Table 1: Comparison of theoretical detuning  with
detuning Δωn obtained from numerical simulations.

n 1 2 3 4

, a.u. 0.0374 0.0561 0.0748 0.0935
, a.u. 0.035 0.055 0.075 0.095

state at its own optimal detuning. The obtained results demon-
strate a very fast excitation with probability equal to unity
achieved for each state of the designed transmon-based qudit,
even for the highest one (Table 2). Thus, the strong-coupling
regime appears to be very advantageous for the rapid sub-
nanosecond control of the designed transmon-based qudit. In

this case a very fine tuning to the optimal frequency can be per-
formed by varying the applied magnetic flux.

Conclusion
In this work, a fast, simple, and precise control of the popula-
tion of an artificial atom is implemented theoretically using
microwave photons (Fock states of the resonator). It is impor-
tant to emphasize that, by adjusting the frequency of the non-
linear oscillator (qudit) from the linear resonator mode, we can
choose which level of the solid-state subsystem is efficiently
populated. Due to the nonlinearity, an efficient excitation of
highly excited transmon states seems to be a challenging prob-
lem. It may be possible to excite this system “step by step” by
choosing the appropriate frequency of the classical field for
each stage, as was done in [54]. However, this procedure



Beilstein J. Nanotechnol. 2025, 16, 1580–1591.

1589

Figure 8: A demonstration of the rapid control of the states with n = 1–4 of the designed transmon (from (a) to (d), respectively). The panels show the
time-dependent population of transmon states at the selected optimal frequency detuning. The parameters for each panel are the same as for the cor-
responding panels in Figure 7.

Table 2: The maximum probability of excitation Pn of the states with
n = 1–4 of the designed transmon during the time τn.

n 1 2 3 4

Pn, a.u. 0.999976 0.995518 0.987228 0.975867
τn, ns 0.438 0.427 0.417 0.405

requires a rather complex experimental setup and takes a signif-
icant amount of time. For our particular system, we have identi-
fied and demonstrated the possibility of exciting a specific
desired transmon state very quickly from the ground state (see
Table 2 for details). We can significantly enhance the excita-
tion of this specific transmon state by selecting an appropriate

frequency detuning, whose value is determined analytically for
each desired state. This phenomenon arises due to the interac-
tion between nonlinearity and the coupling of quantum fields
and cannot be observed when only classical fields are present.

In addition, we propose the quantum circuit design of a real
superconducting scheme in which the predicted rapid control of
transmon-based qudit can be demonstrated. It is important that,
in a strong coupling regime, the efficient transitions in the
transmon-based qudit occur on sub-nanosecond timescales
[55,56]. Note that such times are not large in comparison to the
decoherence process in the transmon-based qudit [29]. This
circumstance makes it possible to design complex fully quan-
tum hybrid “field + solid state” systems for quantum computing
and developing a fully quantum interface between supercon-
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ducting and photon platforms. Also, the developed transmon-
based qudit can be used as an electromagnetic field detector,
which allows one at least to determine the exact number of
photons in the resonator.
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Abstract
In this work we consider a spin model composed of a single spin and connected to an infinitely coordinated Ising chain. Theoreti-
cal models of this type arise from various fields of theoretical physics, such as theory of open systems, quantum control, and quan-
tum computations. In the thermodynamic limit of an infinite chain, we map the chain Hamiltonian to the Hamiltonian of the
Lipkin–Meshkov–Glik model, and the system as a whole is described by a generalized Rabi Hamiltonian. Next, the effective
Hamiltonian is obtained using the Foulton–Gouterman transformation. In the thermodynamic limit we obtain the spectrum of the
whole system and study the properties of the ground-state quantum phase transition.

1668

Introduction
In the present manuscript, we consider a single spin connected
to an infinitely coordinated Ising chain. From a purely theoreti-
cal point of view, this model arises when studying the physics
of open systems [1,2]. In this case, the chain is modelling the
external environment to which the single spin is connected. In
such models, it is convenient to study not only Markovian dy-
namics of the single spin, but also non-Markovian dynamics
going beyond the limitations of the Lindblad master equation
[3-6]. The approach is to find the dynamics of the whole system
(i.e., the chain and the single spin) and then trace out the chain

degrees of freedom, ending up with the master equation for the
single-spin density matrix. One might choose to make or not to
make the Markov approximation, obtaining different types of
master equations. Given that the exact solution is known, differ-
ent master equation solutions can be compared against it. This
allows to study the limits of applicability of the Markovian
approximation, and also the correct way of introducing the
Lindblad dissipation operators. These problems remain impor-
tant in the general field of open quantum systems, extending
beyond spin models [7-9].
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One of the practical applications is modelling of certain quan-
tum computing layouts, if one considers spins as qubits. In par-
ticular, we have previously proposed a method for imple-
menting a CCZ (control–control–Z) quantum gate on a system
composed of three logical qubits, which are connected to
another coupler qubit [10]. This approach allows to increase the
fidelity of the operation, and it has technical benefits such as
simplicity of calibration and suppression of the unwanted longi-
tudinal ZZ interaction. One of the important quantities is the
shift of the coupler qubits energy levels depending on the state
of the logical qubits. In the present manuscript, we find the
energy levels of such system in the limit of infinitely many
logical qubits, and find the energy spectrum of the coupler qubit
depending on the state of the logical qubits ensemble.

We start our theoretical analysis by mapping the Ising chain
Hamiltonian to a Lipkin– Meshkov–Glik (LMG) Hamiltonian
[11-13]. The Hamiltonian of the whole system then becomes
akin to the Hamiltonian of the generalized Rabi model, but with
the bosonic field replaced by the collective spin of the LMG
model. Next, it is diagonalized in the spin space using the
Fulton–Gouterman transformation and we obtain an effective
Hamiltonian. In the limit of infinite Ising chain, or equivalently
of the infinite total spin, the LMG Hamiltonian can be
solved exactly. We exploit this fact and analytically obtain
the energy spectrum of the whole system. Based on this
result, we study the structure of the extrema of the ground state
energy and the consequent properties of different phases of the
system.

Model
We consider a single spin coupled to a fully connected Ising
chain with the Hamiltonian

(1)

Here, τx,z are the Pauli matrices describing the single spin, and
 are the Pauli matrices describing spins in the Ising chain.

This model arises when one studies spin-bath theoretical models
in studies of quantum control and design of qubit layouts in
quantum computation. The coupling between the spins in the
chain is rescaled by 1/N factor in order to obtain a finite energy
per spin ⟨H⟩/N in the thermodynamic limit.

Let us first consider the Hamiltonian Hchain + Hint. By intro-
ducing collective spin operators

(2)

the Hamiltonian is brought in the following form [14,15]:

(3)

Here, S = N/2 is the total spin of the chain. This is a well-known
Lipkin–Meshkov–Glick (LMG) Hamiltonian which we will
further denote as HLMG = Hchain + Hint. The total Hamiltonian
now can be written as a 2 × 2 block matrix in the single-spin
Hilbert space:

(4)

Here  are the Hamiltonians HLMG corresponding to
eigenvalues ±1 of τz. These types of Hamiltonians are the
Hamiltonians of the generalized Rabi models. These describe a
two-level system connected not to a single bosonic mode, but to
a more complicated environment [16-18].

Diagonalization in the Spin Space
The Hamiltonian in the spin space can be diagonalized using the
formula for the determinant of a 2 × 2 block matrix. This is also
known as the Fulton–Gouterman transformation [19]. This leads
to two effective Hamiltonians in the chain Hilbert space, corre-
sponding to the state of the single spin. These are:

(5)

Operators G± are the Green functions of the Hamiltonians
. Both of these Hamiltonians contain full infor-

mation about the system, so it is sufficient to consider only one
of them. We will choose the Hamiltonian  as the
effective Hamiltonian. Given the eigenenergies  and eigen-
states |n±⟩ of the Hamiltonian , the effective
Hamiltonian can be written as:
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(6)

The eigenenergies of the whole system are solutions of the
equation λ(E) = E, where λ(E) are the eigenvalues of Heff. In
principle, solutions of this equation are exactly the energy levels
of the corresponding physical system. However, given that in
practice an analytical solution is impossible in most cases, a
usual approach is to substitute some values of energy E0
on the left hand side and look for corrections. Our approach
will be to find some kind of relation between the Hamil-
tonians  and , which will allow us to express
the eigenstates of one Hamiltonian via the eigenstates of
the other. Then, the equation λ(E) = E will be quadratic
with two solutions, corresponding to two states of the single
spin.

Limit of Strong Single-Spin–Chain
Coupling
We focus on the limit of large coupling between the single spin
and the chain (i.e., large ). In practice, this can be realized by
coupling a single spin to an ensemble of noninteracting spins,
such that the ensemble interacts only indirectly through the
external spin. In this case, spins in the chain are mostly aligned
along the z-axis due to the large  term. Effectively, an
interaction with the single spin creates a strong magnetic field
parallel to the single spin direction. Thus, the perpendicular
component of the “magnetic field”  can be considered as a
small perturbation. Formally, this means that we can divide the
LMG Hamiltonian into the main part

(7)

and the perturbation . With the standard perturbation
theory approach, we find the energy levels of HLMG up to
second order in :

(8)

Here, Sz|σ⟩ = σ|σ⟩. Accordingly, the eigenstates are

(9)

As discussed earlier, we aim to relate  and . Let us
express the projectors on states  via projectors on .
Up to the second order in :

(10)

The Hamiltonians  now can be written as:

(11)

One can see that the leading order  is expressed via
projectors on the eigenstates of . The extra terms, when
substituted in the effective Hamiltonian, will lead to higher
order corrections and will be insignificant. Indeed, substituting
in (Equation 6) we find:

(12)

The first term is diagonal in the basis , so its contribution
to the eigenvalues of the effective Hamiltonian eigenvalues will
be of second order in  (as it is the order to which we have
expanded ). The second term is of second order in  and off-
diagonal, so its contribution will be of fourth order in . Thus,
up to the second order in , the energy E of the whole system is
defined by the following equation:

(13)
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from which follows

(14)

Also, from these calculations follows that the eigenstates are
. One might wonder why there is no contribution from
, given that our choice between expanding the Hamil-

tonian (Equation 13) in  or  was arbitrary.
In fact, there is indeed no difference between choosing one over
the other, because .

We also note that the same spectrum corresponds to the single-
spin Hamiltonian

(15)

This Hamiltonian can be obtained if one replaces  by
their eigenvalues  in Equation 4. This is a Born–Oppen-
heimer approximation in which the chain is considered to be a
fast subsystem relative to the single spin. In particular, the
energy of the spin chain is a contribution to the potential energy
of the single spin.

Phase Transition in the
Thermodynamic Limit
Phase transition of the bare LMG model
In the thermodynamic classical limit, the spin operators in the
LMG model can be replaced by classical expectation values
(i.e., Sz = Scosθ, Sx = Ssinθcosφ, Sy = Ssinθsinφ). The Hamil-
tonian is then replaced by its classical energy profile, which is
defined according to [12] as:

(16)

The average is taken over a spin coherent state |θ,φ⟩. It is
known that the LMG Hamiltonian has two distinct phases in the
thermodynamic limit [12,20-22]. The symmetric phase, in
which |⟨Sz⟩| = S, is realized when the linear part in Sz term in the
Hamiltonian dominates over the quadratic one. In our particular
case, this means competition between the values of coefficients

 and J in the Hamiltonian (Equation 3). The second
broken symmetry phase, in which the energy profile has two

minima at , is realized in the opposite case, when the
 term dominates over the ~Sz term. These minima are degen-

erate if  = 0, otherwise one is lower than the other. The plot of
the LMG model energy as a function of the angle θ is presented
in Figure 1.

Figure 1: Energy profile (Equation 16) of the LMG model in the
thermodynamic limit as a function of θ at φ = 0 and  = 0. The solid
line corresponds to the broken symmetry phase with two stable
minima, and the dashed line to the symmetric phase with a single
minimum at θ = π.

We wished to study the phase transition of the bare LMG model
(i.e., decoupled from the external spin) and in the next section
we will compare the results with the ones for the LMG model
coupled to the external spin. First, we have to find the extrema
of the LMG model energy . They are defined by
the following equations:

(17)

One of the solutions is sinθ = 0 and cosφ = 0; it corresponds to
the symmetric phase in which |⟨Sz⟩| = |Scosθ| = S. The second
solution corresponds to sinφ = 0 and

(18)

It describes the broken symmetry phase in which |⟨Sz⟩| ≠ S.

We found the critical values of the parameters, at which the
phase transition occurs, by checking the stability of the symmet-
ric phase. Namely, if it is stable, the sinθ = 0 and cosφ = 0
extremum is a minimum in the θ direction, and the second de-
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rivative of ε+(θ,φ) with respect to θ is positive. Otherwise, the
said extremum is a maximum and the stable phase is the broken
symmetry one. When carrying out the calculations, we should
choose the θ = π solution of the equation sinθ = 0, since the ~Sz
contribution to the energy is positive and the ground state corre-
sponds to Sz = cosπ = −S. The θ = 0 solution corresponds to the
maximum of the energy profile. Thus, we find:

(19)

Therefore, the broken symmetry phase exists (i.e., the expres-
sion above is negative) for . The projection of the
spin on the z-axis in the broken symmetry phase is

, where θ0 is the solution of Equation 18. If  = 0,
the solutions are . The plots of the energy
profile ε+(θ,φ) in symmetric and broken symmetry phases are
presented in Figure 1.

Phase transition of the LMG model coupled
to a single spin
Next, we study the properties of the phase transition if the chain
is coupled to the external single spin. In this case, we have to
minimize the ground state energy of the whole system. From
Equation 14 we find the spectrum:

(20)

These functions also have nontrivial minima structure
depending on the values of the parameters, see Figure 2. Again,
from equations ∂θE− = 0 and ∂φE− = 0 we find that the extrema
of the ground state energy are defined by equations

(21)

The second equation defines ⟨Sz⟩ in the broken symmetry
phase, analogously to Equation 18. In general, it has up to nine
real solutions on the interval θ ∈ [0,2π] depending on the
values of the parameters. For  = 0, three of them are θ = 0, π,
2π as it follows from the condition sinθ = 0. Nonzero  will
shift these solutions and corrections due to small which can

be found by expanding the equation at said points. Six other
solutions cannot be analytically found; however, we can study
the properties of the energy profile exploiting the following
facts: 1) due to the 2π-periodicity of E±(θ,φ), the extrema at θ =
0, 2π are of the same type. 2) Three of unknown extrema are on
the interval θ ∈ (0,π) and the other three are on the interval θ ∈
(π,2π). 3) A maximum should be followed by a minimum and
vice versa.

Additional extrema arise due to hybridization between the
energy levels ε±(θ,φ) of the bare LMG model with the single
spin directed up or down, leading to the appearance of avoided
crossings and richer extremum structure of the ground state
energy. The extrema at θ = 0, π, 2π always exist and could be
either minima or maxima and the six other ones might be
minima, maxima, or not exist. This allows us to list all possible
extrema configurations of the energy profile. We group them
into two types: either minima at θ = 0, 2π and θ = π are of dif-
ferent types or the same, see Figure 2a and Figure 2b, respec-
tively.

Let us first start with “different type” configurations in
Figure 2a. Configurations 1 and 2 have no additional extrema
and in both of them the symmetric phase is stable. The differ-
ence is that in configuration 1 the total spin of the chain is
aligned along the positive direction of the z-axis, and in config-
uration 2 – along the negative direction. Remarkably, configura-
tion 1 is unstable for the bare LMG model. Configuration 3 is
not realized and in configuration 4 both symmetric and broken
symmetry extrema are minima, meaning that one of the phases
is stable and the other is metastable. This means that coupling to
the external spin can change the type of the phase transition be-
tween two phases from the second to the first one. The
corresponding plots of the energy levels are presented in
Figure 3.

Now we consider the “same type” configurations in Figure 2b.
In configuration 1, two minima correspond to symmetric phases
with the total spin aligned along the positive and negative direc-
tions of the z-axis. One of the phases is stable and the other is
metastable, so a first order phase transition between them is
possible. In configuration 2, the broken symmetry phase is
stable, resembling the case of the bare LMG model. The config-
uration 3 is again not realized. The most interesting one is the
configuration 4 in which the minima, corresponding to the
stable broken symmetry phase, split into two. The plots of the
energy levels, corresponding to described extrema configura-
tions, can be found in Figure 4.

We also derive the conditions for stability of the points θ = 0, π,
2π. Calculating the second derivatives we find:



Beilstein J. Nanotechnol. 2025, 16, 1668–1676.

1673

Figure 2: Possible configurations of the extrema of the ground state energy E−(θ,φ). The symbol ∪ denotes a minimum, ∩ – a maximum, and  –
absence of the extremum. In (a) “different type” configurations are presented and in (b) “same type” configurations are presented.

Figure 3: The energy levels of the system corresponding to configurations 1, 2, and 4 from Figure 2a. In plots a) and b) the symmetric phases with
spin aligned along positive and negative directions of the z-axis, respectively, are stable. In plot c) one can observe a stable symmetric phase and a
metastable broken symmetry phase.
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Figure 4: The energy levels of the system corresponding to configurations 1, 2, and 4 from Figure 2b. In plot a) the symmetric phases with spin
aligned along negative direction of the z-axis is stable and the one with spin aligned along the positive direction is metastable. In plot c) the minima
corresponding to the stable broken symmetry phase are split into two.

(22)

Accordingly, the point θ = π is a minimum if

(23)

and points θ = 0, 2π are stable if

(24)

Two important observations can be made here. First, the right-
hand side of Equation 23 can be negative for large enough
values of  (i.e., single spin–chain coupling) making the sym-
metric state always stable. Second, at certain range of parame-
ters, both conditions (Equation 23) and Equation 24 might be
true or not true simultaneously, which leads to the appearance
of the “same type” configurations. More detailed analysis of
transitions between different phases requires knowing the
conditions of existence of intermediate extrema at θ = 0, π, 2π.
This boils down to finding all solutions of Equation 21 and one
has to resort to numerical calculations. In Figure 5, the phase
diagram, obtained numerically, is presented on the  plane
for fixed values of the rest of the parameters.

Results and Discussion
We have theoretically studied the infinitely coordinated Ising
chain, coupled to a single external spin. We have written down
the effective Hamiltonian in the Ising chain space by diagonal-
izing the Hamiltonian of the whole system in the space of the
external spin. In the thermodynamic limit, when the chain
Hamiltonian is exactly solvable, the energy spectrum of the
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Figure 5: The phase diagram of the considered model on the 
plane. The legend notation coincides with the configurations in
Figure 2 (e.g., 1a is the configuration 1 in Figure 2a). The black solid
line is the contour given by Equation 23, and the dashed black line is
given by Equation 24. The rest of the parameters are chosen as ω = 1,

 = 0.2, Δ = 0.5, and  = 0.

system was found. It is demonstrated that coupling to an
external spin drastically changes the properties of the phases
relative to the bare LMG model. In particular, it leads to the ap-
pearance of a new stable phase-symmetric one, but with the
total spin of the chain oriented in the reverse direction com-
pared to the symmetric state of the bare LMG model. This
phase might be stable as well as metastable, and the first order
phase transition between two stable phases is possible. The
broken symmetry phase might also become metastable at
certain values of the parameters, which means that the corre-
sponding phase transition becomes of first order as opposed to
the second order in the case of the bare LMG model. Finally,
coupling to the external spin might change the properties of the
broken symmetry phase by splitting the corresponding minima
of energy into two.

In case of an experimental attempt, it is possible to check the
spin configuration of the coordinated Ising chain by using a
well-developed and very sensitive method of polarized neutron

reflectometry (PNR) [23-26] to improve the qubit quality,
which is an important task [27,28].

The considered model is relevant in the field of quantum com-
putation, as the layout is used for a certain realization of the
CCZ gate [10]. Although, admittedly, the thermodynamic limit
approximation made during the analysis is far from a feasible
experimental setup involving only several qubits.
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Abstract
We demonstrate the programmable control of kinetic soliton dynamics in all-Josephson-junction (all-JJ) networks through a novel
tunable cell design. This cell enables on-demand switching of transmission lines and operates across defined parameter regimes
supporting diverse dynamical modes. By introducing a structural asymmetry into a transmission line, we implement a Josephson
diode that enforces unidirectional soliton propagation. The programmability of the kinetic inductance then provides a crucial mech-
anism to selectively enable or disable this diode functionality. By engineering artificial inhomogeneity into the circuit architecture,
we enhance robustness in all-JJ logic circuits, 2D transmission line all-JJ lattices, and neuromorphic computing systems.
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Introduction
The rapid advancement of Josephson junction (JJ) logic circuits
[1-5] and neuromorphic networks [6-9] holds transformative
potential for ultra-low-power computing. However, achieving
scalable integration remains a critical bottleneck, as conven-
tional JJ-based architectures face fundamental density
constraints imposed by magnetic flux manipulation require-
ments and complex mutual inductive crosstalks.

Circuits composed entirely of Josephson junctions (all-JJ
circuits) [10-16] represent a promising platform for energy-effi-
cient, high-speed, and scalable computing. In these systems, the
propagation of information is associated with the movement of
a current wave/topological soliton, which is clearly visible in
the model by a 2π jump of the so-called Josephson phase, φ. In
contrast to conventional rapid single flux quantum (RSFQ)
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logic, the phase drop for the considered single kinetic soliton
(SKS) occurs not on the relatively large connecting geometric
inductors, but on the Josephson junctions. SKS is a propagating
wave of phase change with kinetic energy limited from below;
the corresponding current pulse “dissipates” if its motion is
interrupted, for example, by a structural inhomogeneity in a
transmission line. Traditionally, this sensitivity to structural
inhomogeneities has been viewed as a challenge for robust
circuit design.

In this work, we propose to exploit the sensitivity mentioned
above. We base our proposal on the concept of applying a small
number of key cells, which should create precisely engineered
tunable inhomogeneities. Such inhomogeneity may be designed
as an element of tunable kinetic inductance [17]. This element
has high inductance at small scales and can be controlled using
currents [18,19], voltage [20], or magnetic fields [21,22]. At the
same time, the use of hybrid superconductor–normal metal
structures makes it possible to increase the effect of frequency
tuning [23,24], while the addition of ferromagnetic layers
permits the non-volatile control [25,26]. Another feature of
tunable kinetic inductance element is the linear behavior for
weak signals, which excludes formation of parasitic processes
in the transmission line. This permits to apply tunable kinetic
inductance in the resonators with shifting resonance frequency
[19,21,22], as well as in sensitive all-JJ digital circuits.

This idea enables us to use the “flaws” of the structure as its im-
portant features, opening up a pathway to creating program-
mable and reconfigurable large circuits. An obvious and widely
required application of this technology is in the development of
superconductive programmable gate arrays (SPGAs) [27-30],
an active area of current research. Another important applica-
tion of this idea lies in the promising neuromorphic direction
[31-33]. Earlier in [34], we have already proposed using kinetic
inductances to control neuron dynamics in networks based on
radial basis functions (RBF-networks). Moreover, this ap-
proach can be extended to hardware realizations of bio-inspired
spiking neural networks [35-42] by solving the challenges of
creating controllable synapses to realize the effect of spike-
timing-dependent plasticity and unidirectional feedbacks
for self-regulation. Furthermore, the physical resemblance
between solitons and the action potentials (spikes of voltage)
generated in biological nervous systems makes all-JJ structures
tempting candidates for constructing neuromorphic hardware
[43].

In this paper, we investigate the use of controlled kinetic induc-
tance to create an engineered inhomogeneous medium for
kinetic solitons. We demonstrate that by tuning this inhomo-
geneity, distinct dynamical modes can be induced, fundamen-

tally altering the soliton’s behavior. Furthermore, we explore
how structural asymmetry within this medium can be exploited
to achieve a diode effect, enabling non-reciprocal soliton propa-
gation. Building upon these foundational concepts, we then
propose two specific architectural solutions: a programmable
switch and a versatile routing matrix, which we term the
“WayMatrix”. We suggest that these architectures provide a
framework for the flexible configuration of advanced logic and
neuromorphic circuits.

Results
Model description
To model the dynamics of kinetic solitons [43], we employ the
resistively and capacitively shunted junction (RCSJ) model [1],
where the total current I across a Josephson junction is the sum
of the supercurrent, the quasi-particle current, and the displace-
ment current:

(1)

Here, φ is the phase difference for the complex supercon-
ducting order parameter across the junction, V is the voltage, Ic
is the critical current, RN is the resistance in the normal state
and C is the capacitance. For analysis, it is convenient to
express this equation in a dimensionless form. We normalize
the time to the inverse of a reference plasma frequency, ,
where , and normalize the current to a
reference critical current . This yields:

(2)

In this normalized equation, the dots above the phases indicate
differentiation over time with respect to τ. The dimensionless
damping coefficient is . The term  repre-
sents the voltage normalized by the characteristic voltage

. The parameter  is the normalized
amplitude of the critical current for junctions with the critical
current Ic that differs from the reference normalization value .

To analyze the circuit dynamics, we adopt a nodal analysis ap-
proach. In this approach, the gauge-invariant phase difference
across any element is expressed in terms of the nodal phases at
its terminals, φ = φk − φj. The phase of the ground node is set to
zero by convention. This formulation inherently satisfies Kirch-
hoff’s current law (KCL) at each node. For any node k
connected to H elements, KCL dictates that the algebraic sum
of currents is zero:
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(3)

where the index h runs over all elements connected to node k,
j(h) is the index of the node at the other end of element h, and
Ik,j(h) is the normalized current flowing from the node k to the
node j(h). Each current is described by the RCSJ model (Equa-
tion 2):

(4)

With this approach, the current across the inductance is defined
by the expression

(5)

where l = L/LJ is inductance normalized to the Josephson induc-
tance .

After substituting the expressions for the current into the
formula for the current balance at the node, we get:

(6)

where Mk,k is the sum of the coefficients before , Mk,j(h) are
the coefficients before , Fk contains the sum of all
summands except those that do not contain the second deriva-
tive. In Fk, all summands with φk are written with a minus sign,
and all summands with φk,j(h) are written with a plus sign. Addi-
tional currents (e.g., the bias current or the time-dependent cur-
rent from the generator) are also included as components. After
writing down Equation 6 for each node, a system of second-
order diffeomorphic equations are obtained, which can be repre-
sented in matrix form:

(7)

The resulting system of N ordinary differential equations is
expressed in the matrix form shown in Equation 7. In this equa-
tion,  is the vector of nodal phases, N is the total number of

non-ground nodes, and  is the N × N mass matrix (also
known as the capacitance matrix), which is defined by the
capacitive coupling coefficients from Equation 6. A key prop-
erty of  is its sparsity, which arises directly from the local
connectivity of the circuit topology; each node is connected to a
small subset of other nodes. To increase computational effi-
ciency, we exploit this sparsity when solving the system. The
equations are integrated numerically using an adaptive-step-size
solver based on the explicit Runge–Kutta (4th and 5th order)
formula, commonly known as the Dormand–Prince pair [44,45],
which is well suited for this class of non-stiff problems.

The fundamental building block of our design is the “kinetic
inductance controllable key” (KICK), which is constructed from
the two modified unit cells of an all-Josephson Junction Trans-
mission Line (all-JJTL). As depicted in Figure 1a, each cell is
modified by incorporating a controlled kinetic inductance in
series with one of its Josephson junctions connected to the
ground plane. There are some operational regimes inherent to
such a KICK governed by the value of this inductance and by
the damping parameter of junctions within the transmission
line. The damping parameter is a critical factor as it dictates the
kinetic soliton’s propagation rate.

As a preliminary step, we characterized the dependence of the
kinetic soliton propagation velocity on the damping parameter
of the connecting junctions, α (see Figure 1b). We define the
velocity as the number of grounded junctions traversed per unit
of normalized time, τ. Our simulations revealed a critical
damping threshold at αcrit ≈ 0.8; below this value, stable soliton
propagation is not supported. Also, under this condition, the
energy dissipation rate is too high relative to the energy transfer
between adjacent junctions, causing the soliton to decay. When
α > αcrit, the soliton velocity is a monotonically increasing
function of the damping. This dependence falls into an approxi-
mately linear regime for α > 3. The physical mechanism for this
velocity increase can be understood from the RCSJ model; a
higher value of α enhances the resistive quasiparticle current
( ) that flows as a junction switches. This larger current
provides a stronger driving force to the next junction in the line,
causing it to reach its critical threshold and switch more rapidly,
thus increasing the overall propagation velocity of the soliton.

The functionality of the KICK is determined by the interplay
between the damping α and the normalized kinetic inductance
L/LJ. Figure 1c summarizes the behavior of the device in a pa-
rameter map, which reveals four distinct operational regimes:
(1) Open mode: The KICK is effectively transparent, allowing
an incident kinetic soliton to propagate through it with minimal
perturbation. (2) Close mode: The KICK acts as a terminator,
blocking and destroying the incoming soliton. (3) T-mode: The
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Figure 1: (a) An equivalent scheme for the “kinetic inductance controllable key” (KICK) as a part of an all-Josephson transmission line. A soliton
whose dynamics is controlled by the developed key is represented schematically. (b) Dependence of the single kinetic soliton (SKS) propagation
velocity, measured in Josephson junctions per normalized time unit, on the damping parameter α. (c) Map of different modes depending on the
damping parameter and kinetic inductance measurement. Close mode (red zone): The KICK does not allow the SKS to pass through. Open mode
(blue zone): The SKS passes through the KICK. T-mode (green zone): The KICK has two stable states, and every second SKS passes through it.
M-mode (purple zone): The KICK has many stable states.

KICK functions as a T-flip-flop. It possesses two stable states,
and each arriving soliton toggles the cell from its current
state to the other. Every second soliton passes to the exit.
(4) M-mode (Multistate mode): This regime is characterized by
the formation of more than two stable states and other complex
dynamics, which fall outside the scope of this study.

An essential feature of the KICK is the ability to switch be-
tween different modes at a fixed value of α; thus, by fixing α
(e.g., α = 2) and varying the kinetic inductance, we can switch
between all modes (Open mode → Close mode → Open mode
→ T-mode → M-mode) represented on the parameter map (see
Figure 1).

To illustrate the operational modes of the KICK, we simulated
the propagation of a kinetic soliton through the all-JJTL. The
simulated line comprises 31 grounded junctions with a uniform
damping parameter of connecting junctions α = 1. The KICK is
implemented by inserting a controlled kinetic inductance in
series with the ground junction at the line’s center (node
k = 16). Figure 2 presents the results for different values of this
inductance, corresponding to distinct operational modes. Each

panel displays two key physical quantities on dual y-axes:
(1) the spatial profile of the nodal Josephson phases (φk) as a
function of the node index k and (2) the normalized currents
flowing through the series junctions connecting the nodes. The
current between nodes k and k + 1 ( ) is
plotted at the midpoint index k + 0.5 for visual clarity.This visu-
alization allows for a direct comparison of the system’s state
before and after soliton interaction. The solid lines depict the
initial state (before the soliton reaches the KICK), and the
dashed lines show the final state (after the soliton has passed
and the system has settled).

For a low inductance of L/LJ = 0.1 (see Figure 2a), correspond-
ing to the Open mode, the KICK causes only slight disturbance
in the transmission line.The incident soliton propagates through
it unimpeded, and the entire line returns to its initial physical
state. However, increasing the inductance to L/LJ = 2 (see
Figure 2b) switches the system to the Close mode. In this mode,
the KICK serve as a significant barrier; when the soliton
arrives, the large inductance impedes the necessary current dy-
namics, halting the propagation and causing the soliton to be
annihilated. Consequently, the 2π phase slip, which signifies the
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Figure 2: Spatial distributions of the Josephson phase (blue curves) and current (red curves) in (a, c) Open mode, Lk/LJ = 0.1 (a) and Lk/LJ = 4 (c);
(b) Close mode, Lk/LJ = 2; and (d) T-mode, Lk/LJ = 6. Solid lines show initial profiles, and dashed lines represent distributions after soliton passage.
The Josephson phase is plotted against the integer node index k, whereas the current is plotted at the midpoint index k + 0.5 to represent the junction
between nodes k and k + 1, see Figure 1a.

soliton’s passage, only traverses the first half of the line (nodes
1 to 15), while the segment beyond the KICK remains entirely
unperturbed. Remarkably, a further increase of inductance to
L/LJ = 4 (see Figure 2c) leads to the re-emergence of the Open
mode. This non-trivial effect is governed by transient energy
storage in the inductor L. Although the soliton is momentarily
halted at the KICK, the subsequent release of stored magnetic
energy provides the necessary “kick” to complete the phase slip
at node 16. This re-initiates the propagation, allowing the
soliton to effectively re-form and travel down the rest of the
line. Similarly to the low-inductance case, the soliton success-
fully traverses the entire line, and the system returns to its initial
physical state.

The behavior of the KICK in the T-Mode, which enables its use
as a T-flip-flop, is detailed in Figure 2d. This mode is defined
by the existence of two distinct stable states, physically corre-

sponding to a bistable potential landscape created by the KICK
architecture. These two states are distinguished by the presence
of persistent, static currents of opposite polarity flowing from
the central node (k = 16). This physical difference leads to an
fundamentally state-dependent and asymmetric toggling action.
When the KICK is in the first stable state, an incoming soliton
successfully flips it to the second state and is transmitted,
continuing its propagation down the line. Conversely, when
starting from the second state, an arriving soliton again flips the
KICK back to the first state, but it is annihilated in the process
and does not propagate further. This state-dependent transmis-
sion and annihilation is the core mechanism that allows the
KICK to function as a memory element or a dynamic routing
switch.

Beyond primary operational modes, the system exhibits other
notable behavior types in specific regions of its parameter
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space. The M-Mode, for instance, is characterized by complex
responses, depend on previous events. This can include such be-
havior when an initial soliton is annihilated, effectively
“priming” the cell to transmit all subsequent solitons, a feature
potentially useful for tasks like sequential filtering. Further-
more, in the transition regions between the primary modes, we
observe phenomena such as soliton reflection back towards the
source.

Finally, the asymptotic behavior in the high-damping (α) limit
is particularly significant. As α increases, so does the soliton’s
velocity and kinetic energy. Consequently, for sufficiently high
α, the soliton’s energy is large enough to overcome any poten-
tial barrier presented by the KICK, ensuring transmission
regardless of the inductance value. This results in a universal
Open mode at high rates. Crucially, this high-energy passage is
not inert; if the KICK is in a bistable regime (such as the
T-Mode), the “passing” soliton can still deliver enough of an
impulse to toggle the cell’s state.

The soliton diode
What is even more interesting is that the KICK architecture can
be engineered to function as a soliton diode, a device the func-
tion of which is similar to that of a semiconductor diode,
allowing the soliton to pass in only one direction. This is
achieved by introducing a structural asymmetry into the cell’s
design. It is important to note that such non-reciprocal behavior
can be achieved even without the kinetic inductance (L = 0).
However, the inclusion of one (i.e., a tunable inductance) is a
key innovation, as it allows to dynamically switch this direc-
tional property on and off.

We demonstrate this principle through simulation of a KICK
with L/LJ = 2. In our model, the transmission line’s series junc-
tions have a nominal critical current of . The asym-
metry is created by increasing the critical current of the specific
junction connecting nodes 15 and 16 to  (i.e., to 1 in
normalized units). The effect of this asymmetric potential
barrier is that a soliton initiated in the forward direction (from
node 1) successfully overcomes it and is transmitted along the
entire line. In contrast, a soliton propagating in the reverse
direction (from node 31) is unable to pass the barrier and is
annihilated at node 17.

Figure 3 demonstrates the non-reciprocal behavior of the soliton
diode by showing a sequence of five snapshots of the nodal
Josephson phase distribution at successive moments in time,
arranged from top to bottom. The process begins with the line in
its initial state (top panel), after which a soliton is initiated from
the left side (node 1). As shown in the second panel, this
forward-propagating soliton successfully passes through the

diode, resulting in a 2π phase advance across all nodes. Immedi-
ately after, a new soliton is initiated from the right side (node
31) to test the reverse direction. The third panel reveals that this
soliton is blocked; its propagation is halted at the diode, and the
corresponding 2π phase slip is confined to nodes 17 through 31.
The fourth panel confirms the robustness of this blocking
action, as a second, subsequent reverse-propagating soliton is
also annihilated in the same manner. To complete the demon-
stration, another forward-propagating soliton is sent from the
left. The fifth panel confirms that the diode once again allows it
to pass, resulting in another full 2π phase advance across the en-
tire line. It is crucial to note that although the absolute phase
values accumulate in multiples of 2π throughout this sequence,
the physical state of the structure remains unchanged after each
full transmission, a direct consequence of the 2π periodicity of
the Josephson energy.

A significant feature of this structure is the ability to disable the
diode effect. By increasing the inductance to L/LJ = 3, the
device becomes bi-directionally transparent, effectively turning
the diode function “off”. This demonstrates how the introduced
structural asymmetry alters the operational landscape of the
device: An inductance value that would normally correspond to
the Close mode in a symmetric KICK now matches to a
bi-directional Open mode for the asymmetric diode structure.
Furthermore, it is worth noting that the asymmetry required for
diode-like behavior can be achieved through alternative means,
such as by creating a local mismatch in the damping parameter,
for instance, by increasing α from 1 to 3 for one of the series
junctions instead of the critical current.

The ability to enforce a specific direction of soliton flow makes
the soliton diode an essential component for complex circuit
design. This is particularly critical in architectures involving
feedback loops, where it is necessary to unambiguously define
the direction of signal propagation. This concept can be
extended by cascading two such tunable diodes with opposing
forward directions. This configuration creates a programmable
transmission line where the permitted direction of soliton travel
can be pre-configured by setting the inductance values of each
diode.

Discussion
Implementation of reconfigurable networks
On the basis of the operational principles of the kinetic induc-
tance controllable key and the soliton diode, we now demon-
strate how these fundamental building blocks can be integrated
to create reconfigurable soliton-based logic circuits. We begin
by proposing a specific proof-of-concept design for a signal
routing network and then introduce a generalized, scalable
architecture suitable for complex computational tasks.
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Figure 3: Temporal evolution of Josephson phase asymmetry in a soliton diode: (a) initial state; (b) after left-propagating soliton passage;
(c, d) sequential right-propagating soliton interactions; (e) final left-propagating soliton recurrence.

As a direct application of the KICK’s switching capabilities, we
first propose the three-input, three-output routing network illus-
trated in Figure 4a. The proposed architecture is based on a grid
where each path depicted is itself a complete all-JJTL. The
routing mechanism would depend on the incorporation of
KICKs into specific segments of these all-JJTLs. By program-
ming each KICK to be in either its Open mode (transmitting) or
Close mode (blocking), one could control the flow of solitons
through the network and define a unique path from any input to
any output. To prevent collisions between solitons traveling
along different routes, the design incorporates auxiliary buffer
lines. These lines make it possible to define a set of non-inter-
secting paths for all required connections, thus ensuring colli-
sion-free operation. This design serves to validate the funda-
mental principle of using KICKs as programmable switches.

With this idea, we propose a more general and powerful archi-
tecture, which we term the “WayMatrix”, shown schematically

in Figure 4b. This versatile N × M routing matrix is conceived
as a core component of larger soliton-based processors. Its en-
hanced functionality would be predicated on the synergistic
action of its core components. First, KICKs integrated into the
line segments would act as programmable switches controlling
the signal flow. Second, the directionality of soliton propaga-
tion would be rigorously enforced by integrated soliton diodes.
Thus, the diodes and switches placed in the all-JJTL lines deter-
mine the direction of soliton propagation in the line. Finally, to
solve the problem of collisions in a dense matrix, we propose
dedicated vertical lines that enable row-skipping connections.
For the same purposes, horizontal lines can also be used for
column-skipping connections.

At first glance, it may seem that the proposed architecture is a
complicated version of a memristive crossbar, but this is not the
case. The main distinction is in the organization of interconnec-
tions between lines: In a memristive crossbar, as the name sug-
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Figure 4: (a) Schematic of an all-Josephson-junction transmission line (all-JJTL) network with three inputs (In 1, In 2, In 3), three outputs (Out 1,
Out 2, Out 3), and three auxiliary buffer lines. Black arrows on the lines indicate soliton propagation paths. Input–output connections are configured by
setting operation modes of kinetic inductance controllable keys (KICKs), where each cell either transmits or blocks solitons based on its programmed
state. (b) The schematic shows a transmission line matrix where path selection is governed by KICKs and signal directionality is ensured by soliton
diodes. Specific vertical lines enable row-skipping connections to prevent soliton collisions during signal propagation.

gests, these connections are formed by the intersection of signal
lines and the corresponding memristive layer. In the proposed
WayMatrix, however, the lines are combined into a single node
at the intersection point, the current direction of which can be
controlled by switches and diodes. The power of the WayMa-
trix architecture lies in its potential use as a universal frame-
work for creating programmable and reconfigurable connec-
tions between different circuit blocks. WayMatrix makes it easy
to set up feedback loops between these blocks, change their
connection order, and perform logical operations. We envision
it serving as a reconfigurable “backbone” to link various
specialized functional units within a larger integrated circuit.
For example, the WayMatrix could be configured to connect
arrays of memory cells to arithmetic logic units or to route data
between different processing cores. Another key application is
the creation of programmable clock distribution networks. In

such a role, the WayMatrix could manage signal timing across a
chip by introducing precise, configurable delays into the clock
paths, which is crucial for asynchronous circuit design. This
would allow a single hardware platform to be flexibly repur-
posed for different algorithms by simply re-programming the
routing paths, a paradigm central to the development of SPGAs.

The true potential of this architecture, however, is most evident
in its application as an axon-synaptic connection matrix for
neuromorphic computing. The ability to program connections,
enforce directionality, and reconfigure paths makes the
WayMatrix an ideal candidate for emulating the complex and
plastic connectivity of a biological neural network. In such a
system, each soliton acts as a “spike”, and the WayMatrix
serves as the synaptic network that routes these spikes between
artificial neurons. This lays the groundwork for building power-
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ful, event-driven, and energy-efficient spiking neural networks
based on the principles we have outlined. In addition to
using the WayMatrix, we can reconfigure the neural network
itself, program connections between different neurons, imple-
ment synaptic pruning, and even “kill” parts of the artificial
brain.

Human or animal brains contain a huge number of synapses,
many times greater than the number of neurons (e.g., the
Norwegian rat brain contains about 200 million neurons, each
of which roughly has an average of about 1000 synapses [46]).
The ability of a living being to solve certain tasks depends
precisely on the number of interneuronal connections. In their
attempts to implement such complex systems in hardware, engi-
neers and scientists inevitably face the problem of intercon-
nects and the implementation of a huge number of synaptic
connections. The superconducting axon-synaptic matrix based
on the WayMatrix concept seems to be a promising solution to
the problem [47-50].

As mentioned above repeatedly, the field applications of kinetic
inductance and, in particular, KICK, also extend to bio-inspired
neuromorphic spiking networks. One important feature of living
nervous tissues is the ability to modulate the synaptic delay of
signal propagation from one neuron to another. This feature is
equally important to implement in hardware artificial realiza-
tions of neuromorphic networks. The signal propagation delay
is also affected by a length and a conductivity of an axon, which
is quite simply imitated by means of a standard Josephson trans-
mission line, as well as by means of all-JJTLs, discussed at the
beginning of this article. A simple solution to modulate the
propagation delay is to change the length (number of JTL cells)
of such an artificial axon, but there is another way. The induc-
tance connected in parallel with the Josephson junctions deter-
mines the amount of magnetic energy stored within each JTL
cell. Consequently, a larger inductance value results in a longer
propagation delay.

Conclusion
This study demonstrates the programmable control of kinetic
soliton dynamics in all-Josephson-junction networks through a
novel tunable element, the “kinetic inductance controllable key”
(KICK). By engineering inhomogeneity via controlled kinetic
inductance, we induce distinct dynamical modes (Open mode,
Close mode, and T-mode) that fundamentally alter soliton prop-
agation. Furthermore, the features of the proposed cell enable a
soliton diode effect, achieving non-reciprocal signal transmis-
sion. Building on these principles, we propose two scalable
architectures, namely, a programmable switch for reconfig-
urable routing and the WayMatrix, a versatile N × M routing
matrix. These solutions establish a framework for robust, high-

speed superconducting logic that addresses critical bottlenecks
in this type of computing.

We realize that the time required to “reprogram” kinetic induc-
tance significantly exceeds the picosecond timescales of
Josephson junction dynamics. However, this re-configuration
time should be considered in the context of hardware develop-
ment cycles. From this point of view, the re-configuration time
is orders of magnitude lower than the time required to design,
fabricate, and test a new application-specific integrated circuit
(ASIC), offering a compelling advantage in flexibility and
prototyping rate.

The superconducting diodes proposed in this work can be used
as a part of synaptic connections in neuromorphic networks to
prevent the backward influence of a postsynaptic neuron on a
presynaptic neuron through the same connection link. It should
also be noted that the signal propagation time between neurons
can be controlled by modulating the bias currents, the value of
which directly affects the potential barrier in Josephson line
(standard JTL or All-JJTL). Thus, the choice of a particular
method of signal propagation delay influence depends on the re-
alization of interneuron interactions and the need to adjust a
particular interneuron connection. Moreover, these approaches
can be combined into one by using a chain of superconductor
diodes. Using cells with kinetic inductances, we can change the
local propagation speed of spikes in interneuronal signal trans-
mission circuits by smoothly adjusting the delay time. The inte-
gration of the WayMatrix will make it possible to change the
length of the axonal line as a whole, and thus introduce a delay.
Besides, it is really interesting to examine how the dynamics of
voltage spike formation in a bio-inspired neuron, proposed in
[42], will change if we substitute geometric inductances for
kinetic ones. Further development of the idea presented in this
article will also address this aspect.

The proposed technique allows for a more compact design and
new (diode) functionality of various superconducting
computing modules and makes possible further increase of inte-
gration density compared to well-known RSFQ technology.
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Abstract
The superconductor–insulator–normal metal–insulator–superconductor (SINIS) tunnel junction structure is the basic building block
for various cryogenic devices. Microwave detectors, electron coolers, primary thermometers, and Aharonov–Bohm interferometers
have been fabricated by various methods and measured at temperatures down to 100 mK. The manufacturing methods included
Dolan-type shadow evaporation, Manhattan-type shadow evaporation, and magnetron sputtering with selective etching of supercon-
ducting and normal metal electrodes. Improvement in ultimate sensitivity is achieved by suspending the absorber above the sub-
strate. Best responsivity of up to 30 electrons per photon at a frequency of 350 GHz, or 72000 A/W, and voltage responsivity up to
3.9 × 109 V/W were obtained with a black body radiation source and series of band-pass filters. The specially designed SINIS
arrays are intended to detect 90 GHz radiation at the “Big Telescope Alt-azimuthal” (romanized Russian: “Bolshoi Teleskop Alt-
azimutalnyi”, BTA) with noise equivalent power of less than 10−16 W·Hz−1/2. The receiver in a 3He cryostat with an optical
window was mounted at the Nasmyth focus of the BTA and tested at a temperature of 260 mK with a IMPATT diode radiation
source.

1931

Introduction
Modern superconducting electronics is moving towards lower
temperatures, lower noise levels, and higher sensitivity, which
can be achieved at sub-Kelvin temperatures using aluminum-

based tunnel junctions. One group of devices, such as supercon-
ducting quantum interference devices (SQUIDs) and rapid
single flux quantum circuits, are based on superconductor–insu-
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lator–superconductor (SIS) junctions, another uses supercon-
ductor–insulator–normal metal (SIN) junctions. Tunnel junc-
tions based on the SIN structure are widely used, and many dif-
ferent devices are manufactured on their basis [1-3]. These
extend from cryogenic thermometers [4-6] and electron coolers
[7-10] to various detectors such as Andreev bolometers [11-13],
cold electron bolometers [14,15], superconductor–insula-
tor–normal metal–insulator–superconductor (SINIS) bolome-
ters [16,17], and SINIS detectors [18-20]. Here, we present an
overview and comparison of our SINIS devices manufactured
using different methods. The advantage of Al-based technology
is the presence of the intrinsic oxide on its surface, which
prevents short circuits with subsequent conductive layers and
ensures ease of manufacturing a tunnel barrier, in contrast to
Nb-based technology, which requires the formation of an artifi-
cial anodic oxide or an additional insulating layer to prevent
short circuits, as well as an additional Al layer to form an AlOx
or AlN tunnel barrier.

Results
NIS tunnel junction
In tunnel structures, the barrier is a dielectric layer between two
metal films (often the oxide layer on the surface of the first
metal layer is used as a dielectric). The first experimental study
of a tunnel junction was carried out in 1960 [21] for an alumi-
num–aluminum oxide–lead contact. When tunneling from a
normal metal into a superconductor, due to the presence of an
energy gap (Δ), only electrons whose energy exceeds Δ can
tunnel into the superconductor. Without applying an external
voltage or in the case when eV < Δ (T = 0), tunneling does not
occur. Accordingly, a tunnel current occurs when eV > Δ. In the
case when T ≠ 0 the I–V curve will be smeared [22].

The current–voltage characteristic of a tunnel NIS junction is
determined by the following formula [23]:

(1)

where Rn is the asymptotic resistance of the tunnel junction,
NS(E) is the density of states in the superconductor, nS is the
distribution function in the superconductor, and nN is the distri-
bution function in the normal metal. At temperatures T ≪ Tc (Tc
is the critical temperature of the superconductor), the relation-
ship between the tunnel current and voltage can be written using
a simplified formula:

(2)

where Δ is the energy gap of the superconductor and kB is the
Boltzmann constant. The differential resistance is expressed by
the following formula:

(3)

It should also be noted that, in addition to the tunnel current in
NIS structures, the presence of a subgap (Andreev) current
caused by the Andreev reflection effect is possible [24]. In
general terms, the Andreev reflection process is as follows: An
electron from a normal metal hitting the SN boundary, passes
into the superconductor in the form of a Cooper pair, and a hole
is reflected from the SN boundary back into the normal metal.
In the simplest case, the Andreev current can be written as the
sum of contributions associated with the transfer of electrons in
the normal metal (IN) and the superconductor (IS), [25]:

(4)

(5)

where νN and νS are the densities of electron states in a normal
metal and a superconductor, S is the area of the tunnel NIS
junction, dN and dS are the thicknesses of the normal metal and
superconductor films, respectively.

Another feature of the tunnel–NIS junction is the phenomenon
of electron cooling. This process is a transfer of heat from a
normal metal to a superconductor and is caused by the fact that
charge carriers with higher energy (exceeding the value of
Δ − eV) move from the metal to the superconductor, and those
with lower energy remain in the normal metal. As a result, a
heat flow arises from the normal metal (P is the power of elec-
tron cooling) [26]:

(6)

where Q is the total power released in the superconductor, IV is
the Joule heat, nN and nS are the distribution functions of elec-
trons and holes in normal metal and superconductor, respective-
ly. As can be seen from the formula, the electron cooling power
depends on both the temperature of the normal metal and the
temperature of the superconductor.
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Figure 1: Photos of various tunnel structures fabricated using different technologies. (a) SINIS detector made by using Dolan technology, (b) single
tunnel NIS junction and (c) circular antenna with SINIS detector made by Manhattan technology, (d) single SQUID and (e) single NIS junction made
by magnetron sputtering with separate lithography, and (f) single SINIS detector with suspended Hf absorber.

Fabrication techniques
Historically, aluminum tunnel junctions were fabricated
by shadow evaporation at different angles by the so-called
Dolan technology [27]. It requires the formation of a two-layer
resist with suspended bridge of the top resist layer (Figure 1a).
The advantage of the technique is its simplicity, drawbacks
are not very high reproducibility and stability. Another fabrica-
tion method is the Manhattan technology [28] with deep orthog-
onal groves in the resist, see Figure 1b,c. Both methods are
based on thermal evaporation at different angles and rotation
of substrate, requiring rather sophisticated and expensive
deposition plants with thermal or e-beam evaporation. A much
more available and simple deposition equipment is magnetron
sputtering, but it provides only isotropic deposition, which is
incompatible with anisotropic shadow evaporation. The
practical solution for a magnetron sputtering is selective etching
of different layers of superconducting aluminum and normal
metal (e.g., copper). In case of chemical wet etching, this is
achieved through an alkali and acid pair, for dry etching, chlo-
rine and fluorine plasmas are used. Alternatively, in the case of
magnetron sputtering and separate lithography, ion etching is
used before making of the insulator and sputtering of the normal
metal (for details see [29]). An example of such a method is
presented in Figure 1d,e. Besides SINIS structures with
N-absorber on the substrate, we also developed devices with the
absorber suspended above the substrate (Figure 1f, technology
with wet etching) that are promising for detectors and electron
coolers. More details on various technologies and specific fea-

tures of the fabrication of tunnel structures are provided in a
review publication [29].

Aharonov–Bohm interferometer
The Aharonov–Bohm interferometer is a hybrid nanostructure
consisting of a T-shaped normal metal electrode (copper), an
insulating tunnel layer (aluminum oxide), and a supercon-
ducting fork (aluminum), Figure 2a. Tunnel junction size is
0.2 × 0.2 µm, loop area 2, 4, 8, or 10 µm2. The transport charac-
teristics of the fabricated interferometers were studied in sorp-
tion 3He cryostat at 0.33 K, Figure 2b. The relatively low value
of the resistance ratio (Rd/Rn – dynamic resistance/normal resis-
tance) is associated with the high sensitivity of the interferome-
ter to external noise.

NIS thermometers
The I–V characteristic and dynamic resistance of the NIS
junction are described by simple relations (Equation 2 and
Equation 3), which do not contain fit parameters. In the case of
negligibly small Andreev currents suppressed by the ferromag-
netic sublayer, such characteristics can be used as primary ther-
mometers [30]. A simple figure of merit for NIS thermometers
is the ratio of the resistance at zero bias to the asymptotic one
(Equation 7):

(7)
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Figure 2: Aharonov–Bohm structure. (а) SEM image of the sample made by Manhattan-type SINIS fabrication and (b) I–V curve and dynamic resis-
tance of the Aharonov–Bohm interferometer at 330 mK.

Figure 3: NIS thermometer series array. (a) Schematic view of a thermometer with a chain of 20 NIS junctions and SEM images of thermometers
made by (b) Manhattan technology and (c) magnetron sputtering with separate lithography technology.

obtained from the general relation in Equation 3. For I(V) =
I0exp[(eV − Δ)/kTe] the temperature sensitivity at low bias cur-
rent can be approximated as dV/dTe = (k/e)ln(I/I0) ≈ −VΔ/Te. To
reduce the influence of external noise and increase the signal-
to-noise ratio, the NIS junctions are connected in series arrays
(Figure 3). The temperature dependency of the resistance ratio
for aluminum SIN junctions is shown in Figure 4.

Electron coolers
The tunneling current, when biased near the energy gap, carries
hot quasiparticles out of the normal electrode, which leads to
electron cooling, as in a Peltier element. In a single SINIS struc-
ture, it is possible to reduce the electron temperature from 260
to 90 mK [31]. Cascaded NIS coolers can be efficient refrigera-
tors for cooling from 1 K to below 100 mK [32]. One of the
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Figure 4: (a) Ratio of resistance at zero bias to the asymptotic resistance using Equation 7, obtained from the general relation in Equation 3. (b) I–V
curve and dynamic resistance for the SINIS thermometer. (c) Measured current with and without radiation. The resistance ratio is Rd/Rn = 15000 at
95 mK and does not respond to radiation at 5.5 K.

Figure 5: Copper cooler cascade.

problems in explaining results is that, when the injection rate of
electrons exceeds the internal relaxation rate in the metal to be
cooled, the electrons do not obey the Fermi–Dirac distribution,
and the concept of temperature cannot be applied as such. This
work is an exciting development towards a fully solid-state,

cryogen-free microrefrigerator, which could eventually cover
temperatures from the ambient down to the millikelvin range.
Figure 5 shows photographs of a two-stage SINIS cooler. The
performance of a single-stage SINIS cooler is presented in
Figure 6.
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Figure 6: Electron cooling from 392, 347, and 290 mK down to 200,
150, and 95 mK, respectively.

SINIS detectors
The SINIS detector is a thin film of normal metal (the absorber
is an element sensitive to incoming radiation) and two NIS
junctions that act as a thermometer. An SEM view of the SINIS
detector was shown in Figure 1a–f. Often SINIS detectors are
considered as classical devices with the optical response equiva-
lent to the electrical response to thermal heating of the absorber
by direct current, for example, in [12,14,33-35]. But in practice,
the electrical response to heating by direct current is always sig-
nificantly higher than the optical response for microwave, tera-
hertz, or IR radiation. This is explained by the fact that, in the
case of heating the absorber by direct current, the electron tem-
perature of all conduction electrons increases. In the equilib-
rium state, the electron temperature is determined by the incom-
ing power and the electron–phonon interaction. However, in
cases of absorption of a photon with an energy much higher
than the thermal energy, the quantum absorption mechanism is
already realized, and the real absorption picture becomes much
more complicated [19]. It is necessary to take into account
many other parameters and relaxation mechanisms. An exam-
ple of the thermalization process of a radiation quantum with a
radiation frequency of 350 GHz is given in [29,36,37]. When an
electron absorbs a photon with an energy much higher than the
thermal energy, the electron energy will correspond to the elec-
tron temperature hf = kTe of about 16 K for 350 GHz. As a
result, a high-energy phonon is created. The process of electron
energy relaxation continues until their characteristic times reach
the tunneling time determined by the parameters of the SIN
transition, that is, the transparency of the barrier, the thickness
of the normal metal film, and the diffusion rate of electrons in
it. For commonly used structures, this time is of the order of
tens of nanoseconds. Typical relaxation times are given in
[37,38].

To calculate the sensitivity in the case of heating the absorber
with direct current or at low frequencies, the heat balance equa-
tion is applicable [12,14]:

(8)

where Psig is the signal power, Pbg is the background radiation
power, ΣΛ(Te

5 − Tph
5) is the heat flux from electrons to

phonons, Σ is the material constant, Λ is the absorber volume,
Te and Tph are, respectively, the electron and phonon tempera-
tures of the absorber, and Pcool is the electron cooling power. In
other cases, it is necessary to move on to the analysis of colli-
sion integrals and the kinetic equation [19,20].

One of the main characteristics of the detector is the noise
equivalent power (NEP) [W·Hz−1/2], that is, the power of the
useful signal in a unit of frequency band, equivalent to the noise
power in the device receiving the signal. Approximately, in the
simplest case, the NEP of the SINIS detector can be calculated
using the following formula:

(9)

NEPe−ph is the noise equivalent power of electron–phonon
interaction, caused by the discreteness of energy exchange be-
tween electrons and phonons:

(10)

where kB is the Boltzmann constant, Λ is the volume of the
absorber, Σ is the constant of electron–phonon interaction, and
Te and Tph are the temperatures of the electron and phonon
subsystems, respectively. NEPNIS is the noise equivalent power
of NIS junction. It is a combination of shot noise that occurs as
a result of the charge transfer by electrons during tunneling
through the tunnel SIN junction and the thermal noise of these
same electrons as heat carriers:

(11)

δIω2 is the power spectral density (PSD) of current fluctuations
due to shot noise, δPω2 is the PSD of thermal fluctuations, and
⟨δPωδIω⟩ is the correlation between the two types of noise.
NEPamp is the noise equivalent power of the readout amplifiers.
We develop typical characteristics of the detectors based on
SINIS structures, namely, volt–watt responsivity no worse than
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Figure 7: Some of SINIS detectors measured characteristics. (a) Current and voltage response for a parallel array for Prad = 1 pW and maximum cur-
rent responsivity of dI/dP = 72000 A/W. (b) Voltage response on black body temperature; at 2.7 K, it is dV/dT = 135 µV·K−1, (c) voltage response at
temperatures of 0.1, 0.295, and 0.48 K; the maximum response is 3.9 V/nW.

109 V·W−1, noise equivalent power below 10−17 W·Hz−1/2 (the
value is given for measurements with a room-temperature JFET
readout system and can be improved by upgrading the readout
electronics). As an example, some measured characteristics of
the SINIS detectors are given in Figure 7. The amplifier voltage
noise is 20 nV·Hz−1/2, the optimal input impedance for this
amplifier is 500 kΩ, and the maximum response is measured at
a bias voltage of 0.5 Δ/e.

The list of designed and fabricated devices contains different
arrays of SINIS detectors for frequencies from below 100 GHz
to above a few terahertz, broadband detectors integrated with
log-periodic antennas, and narrow-band detectors integrated in
twin-slot and double-dipole antennas. The miniature size of
SINIS detectors allows them to be integrated into antennas of
various types. Also, the detector itself is not frequency-selec-
tive, but by integrating such devices into various antennas and
using additional filter elements, the detecting device can be
tuned to the required frequency. Single antennas are convenient
to use for test studies or for use under conditions of low back-
ground load and signal. This is due to the fact that the satura-
tion level of a single SINIS detector is 0.5–1.0 pW. Under
conditions with a high background load (for example, for

ground and balloon observations), such detectors are combined
into matrices; the power of incoming radiation is distributed be-
tween the matrix elements and, accordingly, the dynamic range
of the detecting device can be significantly increased.

Deployment at “Big Telescope Alt-azimuthal”
Currently, work is underway to implement the SINIS detectors
on a practical instrument, that is, the optical observatory “Big
Telescope Alt-azimuthal” (BTA SAO RAS) for observations in
the range of 75–110 GHz. The choice of an optical observatory
is due to the fact that there are no large-scale subterahertz obser-
vatories in Russia, but there are agreements and the possibility
of conducting research based on the BTA observatory. Esti-
mates of the possibility of observations, a description of the
receiving system, and the current status of the work are given in
[39-41]. These works will allow not only to conduct full-scale
tests of the SINIS detectors, but will also expand the capabili-
ties of the BTA observatory to the subterahertz range and use it
not only for observations, but also for testing new technologies
of subterahertz detectors.

According to [42], the thermodynamic temperature of the
planets of the solar system at a frequency of 100 GHz can be
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Figure 8: Installation and initial testing of the receiving system based on SINIS detectors at the BTA SAO RAS observatory. (a) Installed racks with a
Heliox AC-V cryostat and (b) measured I–V characteristics of the SINIS detector matrix installed inside the cryostat with a closed optical window and
under irradiation by the source; The lower part demonstrates a PT2 temperature of 2.6 K and a 3He pot temperature of 263 mK.

estimated as Mars 198 K, Jupiter 172.6 K, Saturn 145 K,
Uranus 121 K, and Neptune 118 K; the brightness temperature
of the Moon can vary from 100 to 400 K, depending on the time
of day. These values exceed the sky temperature at the zenith
for the BTA and can be measured with a signal-to-noise ratio
greater than unity by the described receiver even without
diagram.

Approximate estimates for observing Jupiter and other planets
are made and compared with figures from [42] (central frequen-
cy fc = 100 GHz, bandwidth 10%, Δf = 10 GHz. The thermo-
dynamic temperature of Jupiter at 100 GHz is 172.6 K; the
angular diameter of Jupiter is 41.68 arcsec; the BTA main mir-
ror diameter is 6 m, and the aperture efficiency of 0.8 gives an
effective area of Aeff = 22.6 m2. The solid angle occupied by
Jupiter is of the order of Ω = 3.20 × 10−8 sr. The spectral flux
density is S = I × Ω = 1677 Jy = 1.677 × 10−23 W·m−2·Hz−1.
For 172.6 K at 100 GHz, we have a blackbody intensity
I = 5.23 × 10−16 W·m−2·Hz−1·sr−1. The power density collected
by a telescope with an effective aperture of 22.6 m2 is
P = 3.79 × 10−22 W·Hz−1. The total power in the 10% band re-
corded by the receiver from Jupiter is Ptot = 3.79 × 10−12 W.
For planets visible in November 2025 at 100 GHz, the flux

densities will be as follows: Jupiter 41.68 arcsec, 172.6 K,
1677.08 Jy; Saturn 18.68 arcsec, 145.7 K, 283.63 Jy; Mars
3.87 arcsec, 192.3 K, 16.13 Jy; Uranus 3.8 arcsec, 120.5 K,
9.67 Jy; and Neptune 2.34 arcsec, 117.4 K, 3.57 Jy.

At this stage, the necessary equipment and elements of the
quasi-optical path in the “Nasmyth 1” cabin of the BTA tele-
scope have been installed. Also, primary tests of the quasi-
optical path for focusing incoming radiation and irradiation of
the source (IMPATT diode) of the detecting matrix in the
75–110 GHz range were carried out. Photos from the expedi-
tion are presented in Figure 8. The ratio of resistances on the
presented current–voltage characteristic is about 30, which, ac-
cording to Equation 3, corresponds to an electron temperature
of 0.5 K with a physical temperature of 0.26 K.

The array structure was mounted in back-to-back horn matching
structure with an optimum for 95 GHz and corresponding quasi-
optical band-pass filters (Figure 9). I–V curves and dynamic
resistances are presented in Figure 10a. The resistance ratio is
46, which corresponds to an electron temperature of about
0.36 K. In these measurements, there was no optical window
and no strong overheating of the sample by radiation.
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Figure 10: (a) I–V curves and dynamic resistance of series SINIS array and (b) I–V curve without (blue) and with (red) microwave radiation at
95 GHz.

Figure 9: Transmission spectrum of the cold mesh filter.

Discussion
We have designed, fabricated, and experimentally studied a
family of aluminum SINIS devices. Microwave detectors at
100 mK demonstrated responsivity up to 109 V·W−1, array of
NIS thermometers provide sensitivity down to 10 µK, electron
coolers can reduce the electron temperature of a normal metal
absorber from 280 mK down to 100 mK, and the SINIS receiver
for a frequency of 95 GHz was installed on the BTA telescope
and tested at a temperature of 260 mK.
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Abstract
It is well known that the Hartree–Fock (HF) interaction does not alter observables in conventional superconductors as its effect is
mainly reduced to a chemical potential shift. Deviations from this behavior can only arise in situations of translational symmetry
breaking, for example, caused by the presence of external fields that induce spatial variations of the order parameter and electron
density. We demonstrate that this scenario changes fundamentally in quasicrystalline systems, where the intrinsic lack of transla-
tional symmetry leads to a fractal spatial distribution of the superconducting condensate and electron density. By investigating a
Fibonacci chain as a prototype quasicrystal, we numerically solve the Bogoliubov–de Gennes equations and show that, beyond the
half-filling, the HF potential significantly enhances the self-similar spatial oscillations of the order parameter while simultaneously
reducing its average value and altering its critical exponent. Consequently, the critical temperature is suppressed; for our chosen
microscopic parameters, this suppression can reach up to 20%. Therefore, an accurate analysis of condensate distribution and
related quantities in quasicrystalline superconductors requires the comparison of results obtained with and without the HF interac-
tion.
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Introduction
It is well known, dating back to the classical book by de Gennes
[1], that, in conventional superconducting materials, the
Hartree–Fock (HF) interaction merely reduces to a shift of the

chemical potential, as the observables are not affected due to
translational invariance. Hence, the HF field is a kind of “spec-
tator” that defines the single-particle states and chemical poten-
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tial but does not act on the pair formation and, thus, can be
neglected, as in the standard formulation of the BCS model
[2,3]. Nevertheless, the HF potential cannot be neglected in the
presence of external fields [4], such as impurity potentials [5,6],
quantum confinement in nanoscale superconductors [7], and
potential barriers at interfaces [8]. Such external fields break the
translational invariance, which is the condition for the HF field
to make a contribution to the formation of the superconducting
condensate.

This raises an interesting question about systems that exhibit an
intrinsic lack of translational invariance even in the absence of
any applied field. Among those are quasicrystals, which were
first discovered in 1984 [9-11]. Quasicrystals exhibit long-range
orientational order, such as the fivefold symmetry in Al86Mn14
alloys [9,10], but lack the translational invariance [11]. The
superconductivity of quasicrystals was established in 2018 with
the discovery of superconducting signatures in an Al–Zn–Mg
alloy below a critical temperature of Tc ∼ 0.05 K [12]. More
recently, in 2024 and 2025, much higher critical temperatures of
Tc ∼ 1 K and Tc ∼ 5.47 K were reported in van der Waals-lay-
ered dodecagonal quasicrystals Ta1.6Te [13] and in a mono-
clinic approximant to the decagonal quasicrystal Al13Os4[14],
respectively.

Experimental observations of the superconductivity in
quasicrystals ignited big interest regarding many open prob-
lems related to the superconducting condensate in quasiperi-
odic systems. Most of the recent results were obtained for a
superconducting Fibonacci chain, being a simplified one-
dimensional model for superconducting quasicrystals [15].
Using this model, researchers explored a range of phenomena in
quasiperiodic systems, including proximity effects in
quasicrystal–metal hybrids [16-18], enhanced superconduc-
tivity from staggered hopping amplitudes [19], and the inter-
play between the Josephson effect and quasiperiodicity [20].
The model has also been used to investigate topological super-
conductivity [21] and anomalous local critical temperatures (at
the left end, at the right end, and at the chain center) in quasi-
periodic chains [22]. These investigations demonstrate that the
spatial distribution of the superconducting condensate in quasi-
periodic chains exhibits a distinct fractal character, with signifi-
cant oscillations of the order parameter along the system. A
similar fractal inhomogeneous distribution of the pair conden-
sate has been calculated for Penrose and Ammann–Beenker
tilings [23], well-known representations of two-dimensional
quasicrystals.

Recent studies confirm that the superconducting condensate in
quasiperiodic systems possesses a highly nontrivial spatial
structure. This finding naturally raises the question of how

sensitive the theoretical predictions for quasicrystalline super-
conductors are to the inclusion of the HF potential in the funda-
mental microscopic equations. Our work addresses this open
problem through an investigation of the superconducting
Fibonacci chain, a standard prototype for quasiperiodic systems.

Bogoliubov–de Gennes Equations for
Superconducting Fibonacci Chains
To investigate the superconducting properties of a Fibonacci
chain, we use an attractive Hubbard model with the grand-
canonical Hamiltonian (absorbing the chemical potential μ)
given by [4-6,8,19,22],

(1)

where ciσ and  are, respectively, the annihilation and creation
operators of an electron with the spin projection σ = (↑,↓) at
sites i = 1,…,N, t⟨ij⟩ is the hopping amplitude between the
nearest neighboring sites, , and g > 0 is the on-site
attractive electron–electron interaction.

Within the mean-field approximation, the Hamiltonian in Equa-
tion 1 is reduced [4] to the effective BCS–Bogoliubov Hamil-
tonian in the form (for the s-wave pairing):

(2)

where

(3)

with δij the Kronecker delta, and Δ(i) and UHF(i) the supercon-
ducting order parameter and the HF interaction potential, re-
spectively. The latter obey the self-consistency relations

(4)

here, we exclude spin-imbalanced regimes in which
.

The effective Hamiltonian is diagonalized by applying the
Bogoliubov–Valatin transformation [4],

(5)
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where uν(i) and vν(i) are, respectively, the particle-like and
hole-like quasiparticle (bogolon) wavefunctions, and γνσ and

 are the annihilation and creation operators for bogolon state
ν, σ, respectively. The quasiparticle wave functions obey the
Bogoliubov–de Gennes equations

(6)

where εν is the quasiparticle energy. As a result of the diagonal-
ization, one obtains

(7)

where fν is the Fermi–Dirac distribution of bogolons with the
quasiparticle energy εν. The quantum number ν enumerates the
quasiparticle states in ascending energy order. In our study, we
employ the open-boundary conditions [5,8,22] for the quasipar-
ticle wavefunctions uν(i) and vν(i), which corresponds to the
physical scenario of electrons being quantum-confined within
the chain.

When using Equation 5 and Equation 7, the self-consistency
relations given by Equation 4 are represented in the form

(8)

In addition, the averaged occupation number of electrons is
given by

(9)

which defines the chemical potential μ. The summation in
Equation 8 and Equation 9 is over the quasiparticle species with
positive energies. In addition, the summation in Δ(i) is limited
to the states in the Debye window around the Fermi level, that
is, 0 ≤ εν ≤ ℏωD. However, in the current study, we assume that
ℏωD is much larger than the half-bandwidth. This assumption
renders the Debye energy constraint ineffective as all solutions
of the Bogoliubov–de Gennes (BdG) equations with positive

quasiparticle energies consequently fall within the Debye
window.

The self-consistent calculation procedure follows the same
protocol as for the periodic Hubbard model. First, we solve the
BdG equations (Equation 6) using an initial guess for μ, Δ(i),
and UHF(i). Second, using the resulting quasiparticle energies
and wave functions, we compute new values for Δ(i) and UHF(i)
from Equation 8. Third, we adjust μ to achieve the desired aver-
age occupation number ne from Equation 9. The new values of
μ, Δ(i), and UHF(i) are then reinserted into the BdG equations,
and the entire procedure is repeated until convergence is
achieved. The calculation is considered converged when the
relative changes in the order parameter and the HF field are
below 10−7.

To model quasicrystal superconducting properties, as the first
step, we consider a finite Fibonacci sequence (Fibonacci
approximant) Sn, with n being the characteristic sequence num-
ber [15]. This is a sequence of symbols “A” and “B”, which
is the concatenation of sequences Sn−1 and Sn−2, that is,
Sn = [Sn−1, Sn−2], where S1 = [B] and S2 = [A] include
only one symbol [15]. Based on this Fibonacci rule, we have
S3 = [AB], S4 = [ABA], S5 = [ABAAB], S6 = [ABAABABA]
and so on. The number of symbols in Sn is Fn, and
{F1, F2, F3, F4, F5,…} = {1, 1, 2, 3, 5,…}, which are the
Fibonacci numbers. We then map this sequence onto a physical
lattice using the off-diagonal model. Each symbol A or B in the
sequence defines the hopping parameters tA or tB, respectively,
between adjacent lattice sites. This results in a one-dimensional
chain with a total of N = Fn + 1 sites, following the well-estab-
lished off-diagonal formulation of the Fibonacci model
[15,19,24,25].

All energy-related quantities, that is, Δ(i), UHF(i), μ, T, tA, and
g, are expressed in units of the hopping parameter tB. We set
g = 2 and consider two different values of the Fibonacci se-
quence index, n = 12 and n = 13, for a more detailed illustra-
tion. Furthermore, we investigate two variants of the hopping
amplitudes, namely, tA = 0.5 and tA = 1.5 (in units of tB). Our
calculations are performed away from the half-filling as this
regime was shown to produce a uniform electronic distribution
in Fibonacci chains [22], where the HF potential does not alter
superconducting properties. Here, we adopt an electron density
of ne = 0.5. Our qualitative conclusions are robust and not sensi-
tive to the specific choice of these model parameters.

Results and Discussion
Figure 1 shows results of numerically solving the BdG equa-
tions in a self-consistent manner for n = 12 and tA = 1.5. In this
case, Fn=12 = 233; consequently, the number of atomic sites in
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Figure 1: The spatial distribution of the order parameter in the Fibonacci chain with n = 12 and tA = 1.5, without the HF potential (a) and with the HF
potential (b). Panel (c) represents the temperature-dependence of the average order parameter in the chain center with (triangles) and without
(squares) HF interaction. The critical temperatures with and without HF interaction are Tc,HF = 0.14 and Tc = 0.17; the corresponding critical expo-
nents of the averaged order parameter are βHF = 0.87 (with HF) and β = 0.86 (without HF).

the chain is N = 234. In Figure 1a, one can see the spatial profile
of the order parameter Δ(i) calculated at zero temperature by
taking into account the HF interaction. The order parameter ex-
hibits significant oscillations due to the quasiperiodic character
of the system. These oscillations in the Fibonacci approximant
with n = 12 are connected with the fractal distribution of the
condensate in the infinite Fibonacci chain. In agreement with a
previous investigation [22], there are three spatial regions with
clearly different averages of the order parameter, namely, the
left-end domain, the center of the chain, and the right-end
region. The order parameter is enhanced up to 0.43 near the left
end, while it is reduced to 0.16 near the right end. The average
value of Δ(i) near the chain center (averaging in the interval
from i = 70 to i = 170) is 0.28. This feature is related to the
presence of three critical temperatures, that is, the left-end, the
right-end, and the center (bulk) superconducting temperature, as
reported in [22].

We now examine the zero-temperature order parameter for the
system with the HF potential, as shown in Figure 1b. The oscil-
lations of the order parameter are immediately apparent and are
significantly more pronounced than in the system without the
HF potential. In Figure 1a, the total range of the oscillations
(from their minimum to their maximum in a given region) is
approximately 30% of the average order parameter value,
whereas in Figure 1b, this value reaches nearly 100%. Further-
more, including the HF interaction qualitatively alters the
spatial distribution of the condensate near the chain edges.
Specifically, the enhancement of the order parameter near the
left end, which is clearly present without the HF potential, is
suppressed when the HF interaction is included, as seen in
Figure 1b. Concurrently, the suppression of the order parameter
near the right chain end becomes even more pronounced in the
system with HF interaction.

To further analyze the system, Figure 1c shows the temperature-
dependence of the order parameter averaged over the center of
the chain, ⟨Δ⟩ (in the interval from i = 80 to i = 160). The inclu-
sion of HF interaction results in a significant decrease of both
the order parameter in the chain center and the corresponding
critical temperature. When the HF potential is included, the
zero-temperature order parameter is ⟨Δ⟩T=0,HF = 0.19, com-
pared to a value of approximately 0.28 without it. The critical
temperatures are Tc = 0.17 and Tc,HF = 0.14. The ratio
⟨Δ⟩T=0,HF/Tc,HF = 1.36 is notably smaller than the correspond-
ing ratio without the HF field, ⟨Δ⟩T=0/Tc = 1.64. Furthermore,
both values are smaller than the universal BCS prediction of
Δ(0)/Tc = 1.76.

Finally, using the temperature-dependent data from Figure 1c,
we calculate the critical exponent β of the order parameter near
the critical temperature:

(10)

where τ = 1 − T/Tc (or Tc,HF for the chain with the HF interac-
tion). Our analysis shows that β = 0.86 without the HF field,
while βHF = 0.87 with it. These values are only slightly differ-
ent. However, both of them are significantly larger than the
BCS order-parameter critical exponent of 0.5. This observation
agrees with previous expectations [26,27] of power-law scaling
with non-standard exponents for thermodynamic properties of
superconducting quasicrystals near Tc. Here, we note an early
investigation of another quasiperiodic one-dimensional quan-
tum system, namely, the Ising model on a transverse applied
field, which studied the phase transition occurring in its cou-
pling parameter and related critical indexes [28].
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Figure 2: The same as in Figure 1 but for the Fibonacci chain with n = 13 and tA = 0.5. Here, the critical temperatures of the systems with and with-
out HF interaction are only slightly different: Tc = 0.304 and Tc,HF = 0.301. However, the order-parameter critical exponent for the case with the HF
potential, βHF = 0.57, is notably smaller than the value of β = 0.65 for the chain without the HF interaction.

For a further illustration, we consider a numerical solution of
the BdG equations for a different parametric set, that is, for
n = 13 and tA = 0.5 (all other microscopic parameters are the
same). In this case Fn=13 = 377 and N = 378. The correspond-
ing results are shown in Figure 2. This figure shows the order-
parameter spatial distribution without (Figure 2a) and with HF
interaction (Figure 2b), calculated for zero temperature. Simi-
larly to the previous case, one observes significant oscillations
of the order parameter, and these oscillations are notably en-
hanced when including HF interaction. The maximal difference
between the order-parameter minima and maxima in Figure 2a
is about 20% of the spatially averaged order parameter. In
Figure 2b this values becomes about 60%.

However, despite a significant enhancement of the spatial oscil-
lations of the order parameter in the presence of the HF interac-
tion, its spatially averaged value (in the interval from i = 140 to
i = 240) does not exhibit a significant drop and is reduced by
less than 10%. An even smaller difference is observed between
the two critical temperatures, Tc = 0.304 and Tc,HF = 0.301. In
addition, for the present case, we have ⟨Δ⟩T=0,HF/Tc,HF = 1.82,
which is larger than the corresponding ratio without the HF
field, ⟨Δ⟩T=0/Tc = 1.67. In this case, the BCS value of the ratio
between the zero-temperature order parameter and the critical
temperature is 1.76, that is, between the two values calculated
for the Fibonacci approximant. Finally, the critical order-param-
eter exponents for the system with HF interaction, βHF = 0.57,
and without HF interaction, β = 0.65, are still larger than the
corresponding BCS value of 0.5; yet, this difference is less pro-
nounced than for the previous parametric choice.

Conclusion
Based on a numerical solution of the BdG equations for super-
conducting Fibonacci chains, we demonstrate that including the

HF interaction significantly enhances the spatial oscillations of
the order parameter when the averaged electron density is
beyond the half-filling regime. These oscillations are a direct
consequence of the system’s quasiperiodicity, reflecting a
general feature of superconducting quasicrystals. The enhance-
ment of these oscillations leads to a reduction of the critical
temperature, which can be pronounced depending on the
model’s microscopic parameters. We also find that the critical
exponent β of the order parameter differs significantly from that
of a uniform BCS condensate. Moreover, the value of β changes
when the HF interaction is included. Finally, the ratio between
the zero-temperature order parameter and the critical tempera-
ture is also sensitive to the HF potential and deviates notably
from the universal BCS value. Consequently, a rigorous analy-
sis of the condensate distribution in quasicrystalline supercon-
ductors requires a direct comparison of results with and without
HF interaction.

Finally, we remark that our results are obtained in the
regime beyond the half-filling. The half-filling is the
special regime with uniform density of electrons so that the HF
field appears to be just a shift of the chemical potential, not
altering other thermodynamic quantities, see the discussion in
[22].
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Abstract
We present an electromagnetic study of a metamaterial receiver based on split-ring resonators with integrated cold-electron bolome-
ters. We suggest a modified antenna design that allows one to significantly increase the absorbed power and the bandwidth. The
trade-off between the bandwidth expansion due to miniaturization and the reduction in absorption efficiency determined by the Airy
spot size of the coupling lens is investigated. To solve this issue, a simultaneous miniaturization of the size of the entire structure
with an increase in the number of array elements is proposed. The design with a 37-element array demonstrates an increase in
power absorption by a factor of 1.4 compared to the original 19-element single-ring array, as well as an increase in operating band-
width from 160 to 820 GHz.
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Introduction
Highly sensitive receivers with broadband antennas are of sig-
nificant interest for advanced spectroscopic applications and
various radioastronomy tasks [1-5]. In particular, broadband
receiving systems are required for use with a Fourier-transform
spectrometer based on the Martin–Paplett interferometer that is
planned to be used in future missions such as BISOU (Balloon
Interferometer for Spectral Observations of the Universe) [3,4]
and Millimetron [2,5]. The use of cold-electron bolometers
(CEBs) is particularly advantageous for such systems, enabling
operation in a wide frequency range from gigahertz frequencies

to X-rays [6-8] due to a normal-metal absorber. CEBs offer
several advantages over other types of receivers such as transi-
tion edge sensors [9-11]. These advantages include their
micrometer-scale size, which facilitates direct integration into
antenna slots without the need for microwave feed lines (e.g.,
microstrip or coplanar lines), thus simplifying the design and
preventing signal degradation at higher frequencies [12].
Furthermore, the natural electron cooling mechanism in CEBs
[13-15] is highly suitable for operation with cryogenic systems
such as 3He sorption fridges. Perhaps most critically, CEBs
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Figure 1: Schematic layout of the investigated metamaterial arrays. (a) 19-element array of single-ring antennas; (b) 19-element array of split-ring
resonators; (c) 37-element array of miniaturized SRRs. Inset: a single unit cell with two embedded CEBs represented as an RC circuit.

demonstrate exceptional hardness against cosmic rays [16], a
paramount requirement for balloon and space missions.

Our group has recently designed, fabricated, and characterized a
metamaterial receiver with integrated CEBs, operating in a
broad frequency range [17]. In that work, each element repre-
sented a ring antenna with two embedded CEBs connected
parallel in DC, whereas the antennas in the array were
connected in series. In the present work, we propose and numer-
ically investigate a new design of a CEB metamaterial receiver
based on double split-ring resonators (SRRs) [18] to increase
both the magnitude of the absorbed signal and the working
bandwidth. We consider various geometrical modifications of
this design and perform a comparative analysis.

Design and Simulation Approach
In our previous work [17], a metamaterial comprising 19-ring
antennas enabled the reception of external electromagnetic
signals in the broad band from 150 to 550 GHz, as well as in the
band from 900 to 1300 GHz. To further enhance signal absorp-
tion, we propose replacing simple ring antennas with SRRs [18-
21]. The SRR is a well-established magnetic metamaterial ele-
ment whose resonant properties are governed by its internal

inductance and capacitance, allowing for a strong magnetic
response and associated current loops at the designed reso-
nance frequency.

The simulations of the metamaterial arrays were performed in
the time-domain solver of CST MWS in 3D mode. The simu-
lated receiving structure is placed on a 500 μm thick silicon
substrate. A 4 mm-diameter silicon hyperhemispherical lens is
placed on the rear side of the substrate to efficiently couple the
incident radiation into the planar structure. The external signal
is incident from the H11 mode of the round waveguide port lo-
cated behind the Si lens, simulating a realistic excitation source.
The electric field of the incident wave is directed perpendicular-
ly to the gaps in the receiving elements.

The signal is received by an array of the proposed ring
resonators. Two CEBs are embedded into the outer ring of each
SRR element. In the simulations, each CEB is modeled as an
RC circuit (see inset in Figure 1), where Rabs = 75 Ω represents
the resistance of the CEB’s normal-metal absorber, and CSIN =
20 fF is the capacitance of the two SIN junctions of the CEB
connected in series. The total absorbed power is calculated as
the sum of the powers absorbed in these discrete ports repre-
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Table 1: Parameters of metamaterial structures with CEBs.

Design (according
to Figure 1)

Type of unit cell Number of cells Period of structure,
μm

Peak absorption,
a.u.

Frequency band,
GHz

a single-ring antennas 19 86 0.18 100–545
b split-ring resonators 19 86 0.27 105–440
c split-ring resonators 37 43 0.25 160–820

senting the CEBs. The power in our modeling is normalized to
the power outgoing from the waveguide port, which is equal to
0.5 in arbitrary units.

Results
The design of the previously studied metamaterial with CEBs
and single-ring antennas is shown in Figure 1a. To increase the
absorbed power and the working frequency band, we propose
and analyze a new design based on SRRs (Figure 1b,c). The
geometric parameters of the structures are as follows: A single
ring has an outer ring diameter of dext = 80 μm and an inner
ring diameter of dint = 70 μm. The lattice constant (period) of
the metamaterial array is P = 86 μm. The total size of the struc-
ture is 424 μm. A large-scale SRR has an outer ring with an
external diameter of dext,1 = 80 μm and an internal diameter of
dint,1 = 70 μm. The inner ring has an external diameter of
dext,2 = 40 μm and an internal diameter of dint,2 = 30 μm. The
period of the metamaterial array is P = 86 μm. The total size of
the structure is 424 μm. A small-scale SRR is a scaled-down
version with dext,1 = 40 μm, dint,1 = 35 μm; dext,2 = 20 μm,
dint,2 = 15 μm. The lattice period for this dense array is
P = 43 μm. The total size of the structure is reduced to 298 μm.
This scaling of the SRR geometry is intended to shift the central
frequency of the metamaterial to a higher value while main-
taining the increasing absorption of the double-ring design.

The transition from a single-ring antenna to a double split-ring
resonator design, while keeping the number of elements con-
stant, resulted in a significant improvement in performance. The
addition of the inner ring, which increases the total capacitance
of the resonant element, leads to a slight reduction of the central
frequency [20]. More importantly, it yielded a 1.5-fold increase
in the total absorbed power.

The amplitude–frequency characteristics (AFC) for the simu-
lated single-ring and SRR designs are presented in Figure 2. For
the single-ring array, the absorbed power in the first resonance
maximum reached a value of 0.18 (normalized units, with 0.5
maximal total power) with the bandwidth at half maximum
(FWHM) spanning from 100 to 545 GHz (Figure 2, red curve).
In contrast, the SRR array demonstrated a higher absorbed

power of 0.27 within a bandwidth of 105 to 440 GHz (Figure 2,
blue curve). Parameters of metamaterials with CEBs and differ-
ent designs are given in Table 1.

Figure 2: Amplitude–frequency characteristics of the metamaterial
receiver. (a) 19-element array of single-ring antennas with a lattice
period of P = 86 μm (red curve); (b) 19-element array of SRRs with
P = 86 μm (blue curve). The dashed black curve shows the experimen-
tally measured response of the single-ring metamaterial.

As an experimental reference for our simulations, Figure 2 also
shows the frequency response measured for a fabricated sample
consisting of a 19-element single-ring metamaterial (black
dashed curve). This sample had the design described in [17] and
was characterized using the same experimental setup described
there. This setup employs a YBaCuO Josephson junction oscil-
lator as a broadband source, with the signal delivered to the
sample via an oversized waveguide. Therefore, the measured
frequency response is the combined frequency response of the
entire path (oscillator, waveguide-feeder, lens and the CEB
metamaterial itself), with “fingers” due to the used log-periodic
antenna of the Josephson oscillator, which was not fully
matched to the antenna. Despite this convolution, the experi-
mental data clearly confirm the calculated dual-band behavior
of the metamaterial, showing two broad peaks centered at
approximately 350 and 1100 GHz. This agreement validates our
simulation model.
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Figure 3: Top: AFC of the 19 single-ring antenna metamaterial for different geometric scaling factors. (a, black curve) outer ring diameter dout =
80 μm, inner ring diameter din = 70 μm, period P = 86 μm; (b, red curve) dout = 64 μm, din = 56 μm, P = 68.8 μm; (c, blue curve) dout = 48 μm, din =
42 μm, P = 51.6 μm; (d, purple curve) dout = 32 μm, din = 28 μm, P = 34.4 μm. Bottom: AFC of the 19 SRR-based metamaterial for different geometric
scaling factors. The design parameters and scaling factors (0%, 20%, 40%, and 60%) correspond to the upper plot.

The AFC of the single-ring and SRR metamaterials with
various scaling factors are presented in Figure 3. The optimal
number and size of the resonators are governed by the require-
ment to fill the Airy spot of the silicon lens. If the total array
size is smaller than the Airy spot, a portion of the incident
signal will not interact with the metamaterial, instead scattering
into the surrounding space. Our simulations confirm this prin-
ciple: A reduction in the SRR dimensions and the array period
by 20% led to a broadening of the absorption bandwidth and a
small shift of the first resonance maximum towards higher
frequencies. A further reduction of dimensions by 40% resulted
in an even wider bandwidth; however, the peak absorbed power
began decreasing, indicating that the array size was becoming
insufficient relative to the Airy spot. A drastic 60% size reduc-
tion caused a severe deterioration of absorption.

To achieve the widest possible bandwidth using SRRs, our
results shown in Figure 3 suggest prioritizing somewhat smaller
unit cell sizes. Simply scaling down a fixed 19-element array
leads to less efficient signal reception since the array is
becoming smaller than the Airy spot. As an efficient alternative,
we propose to halve the SRR dimensions and array period while
simultaneously increasing the number of elements from 19 to
37 (Figure 1c). This approach successfully increased the
absorbed power to 0.25, which is by a factor of 1.4 higher than

Figure 4: The amplitude–frequency characteristics of the 37-element
array of SRR-based metamaterial for different periods of the lattice.

that of the single-ring array, while also achieving an ultrawide
receiving band from 160 to 820 GHz (Figure 4, black line). If
the 37-element array structure occupies the same area as the
original single-ring structure, larger absorption efficiency at the
first peak can be achieved (Figure 4, red line), but the working
bandwidth will be narrower than for the structure with smaller
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rings. Thus, by selecting the overall structure size, a compro-
mise can be found between the maximum absorption efficiency
and the widest receiving bandwidth.

It is important to note that the choice of the number of receiving
antennas should be in a proper balance. Although a larger array
can better fill the Airy spot, it also increases the total number of
bolometers. This, in turn, increases the differential resistance of
the structure at the operating point and increases the current
noise contribution of the readout amplifier [17,22]. Further-
more, a larger number of elements increases the fabrication
complexity. Crucially, nearly doubling the number of elements
(from 19 to 37) does not produce a proportional increase in the
absorbed power (Figure 5).

Figure 5: Dependence of the absorbed power on the number of ele-
ments in the SRR array.

Figure 5 shows the AFC of the SRR metamaterial with a differ-
ent number of elements. For the large-scale design (period
P = 86 μm, rings: dout,1/din,1 = 80/70 μm, dout,2/din,2 =
40/30 μm), doubling the number of elements increases the
absorbed power by about 7% only, with a minor increase in
bandwidth. The same doubling for the miniaturized design
(P = 43 μm, rings: dout,1/din,1 = 40/35 μm, dout,2/din,2 =
20/15 μm) is more efficient, leading to 17% increase in power.
This higher efficiency is directly linked to the Airy spot cover-
age: Adding elements to the smaller array more effectively in-
creases its total area towards the optimal size. For the already
large array, new elements are added at the periphery or outside
the most intense part of the Airy spot, which does not actually
help.

The obtained results can be further enhanced through opti-
mized design parameters of the structure. Specifically, increas-
ing the substrate thickness to 700 μm enables an increase in

absorbed power up to 0.3 a.u. across an ultrabroad frequency
range of 200–1200 GHz (Figure 5e). Such a thick substrate can
be realized by using commercially available substrates with
greater thickness (or by stacking and bonding multiple thinner
substrates), or by employing a lens with a pedestal structure.

Discussion
Solving the problem of broadband high-sensitivity reception for
terahertz applications naturally entails comparing the metamate-
rial-based approach presented here with traditional broadband
antenna solutions such as the log-periodic [23-25] or spiral
antennas [26,27]. These antennas are indeed a well-established
technology, providing wideband frequency response and high
detection/radiation efficiency. However, their widespread use is
subject to a fundamental limitation: The active receiving ele-
ment is typically a single detector unit located at the antenna’s
feed point. This configuration can become a bottleneck when
detecting ultralow power signals in the presence of high back-
ground radiation, as the single detector must handle the entire
power load, potentially limiting the dynamic range and compli-
cating the optimization of noise-equivalent power (NEP).

There have been proposals to integrate multiple sensing ele-
ments directly into the structure of a log-periodic antenna [28-
30]. While promising, such designs face significant challenges
in implementation. The complex geometry of the antenna
makes it difficult to integrate a large number of detectors and to
design complex series–parallel electrical networks necessary for
optimal power distribution and impedance matching. In
contrast, the metamaterial approach offers a fundamentally
more flexible paradigm. A periodic array of resonators, such as
our SRR-based design, inherently functions as a multiabsorber
system. This architecture allows for the precise engineering of
the detector network, that is, the number of CEBs, their indi-
vidual connection (series or parallel), and the overall array con-
figuration to achieve an optimal balance between power load,
responsivity, and total noise [17,22].

This capability is particularly critical for applications like
cosmic microwave background polarimetry or high-resolution
spectroscopy, where the detector must operate photon-noise-
limited under a specific background power load. For CEBs, we
have previously demonstrated that the optimal configuration for
minimizing the total NEP with a given readout amplifier
involves a specific series–parallel combination of bolometers.
The metamaterial platform is ideal for implementing such an
optimized multiabsorber receiver. By adapting the array geome-
try and the electrical connection scheme between CEBs, one
can precisely control the power absorbed per bolometer and the
resulting differential resistance, thereby achieving photon-
noise-limited performance across a wide bandwidth. This level
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of design control is considerably more challenging to realize
within the constrained geometry of a single-feed log-periodic
antenna.

Conclusion
In this work, we have presented a comprehensive electromag-
netic study on the design and optimization of a metamaterial
receiver based on split-ring resonators integrated with cold-
electron bolometers. The transition from a conventional single-
ring antenna design to a double SRR configuration has been
demonstrated to be a highly efficient strategy to enhance the
receiver performance. This design improvement resulted in a
substantial 1.5-fold increase in the absorbed power, confirming
the theoretical advantage of SRRs in providing a stronger mag-
netic resonance and greater field concentration within the
capacitive gaps where the CEBs are located.

Our investigation of the scaling of the metamaterial array
revealed a critical design trade-off. While reducing the dimen-
sions of the SRR unit cells effectively broadens the operational
bandwidth, it also reduces the total absorbed power if the
array’s physical size becomes smaller than the Airy spot of the
coupling lens. We successfully resolved this issue by imple-
menting a strategy of simultaneous miniaturization and increas-
ing the array density. By halving the SRR dimensions and
lattice period while nearly doubling the number of elements
(from 19 to 37), we achieved an optimal compromise. The re-
sulting receiver exhibits both enhanced absorption (by a factor
of 1.4 larger than the original single-ring design) and an ultra-
wide bandwidth spanning from 160 to 820 GHz.

Furthermore, we quantified the non-linear relationship between
the number of array elements and the absorbed power, showing
that the benefit of adding elements is significantly higher for a
miniaturized array that initially underfills the Airy spot. This
provides a crucial practical guideline for designing efficient
multiabsorber receivers, balancing performance gains against
the increased technological complexity and noise considera-
tions associated with a larger number of bolometers.

This work solidifies the position of CEB-based SRR metamate-
rials as a highly promising platform for constructing ultrabroad-
band, high-sensitivity receivers essential for next-generation
spectroscopic and radioastronomical applications, particularly
in demanding space and balloon-borne environments. One more
important potential application for such broadband receiving
system is the use for axion search experiments with broadband
coaxial dish antennas [31,32]. Future work will focus on the ex-
perimental fabrication and characterization of the proposed
miniaturized 37-element SRR array to validate these simulation
results.
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Abstract
In the ballistic regime at finite temperatures, the proximity effect diminishes following an exponential pattern; however, at low or
zero temperatures, this transition alters to a decay characterized by a power law with a dimensionality-dependent exponent. Here,
we extend the current understanding of the proximity effect by exploring the role of normal metal–superconductor (NS) junction
geometry in altering the spatial propagation of the superconducting order. Specifically, we demonstrate that geometric factors, such
as interface curvature, significantly affect the decay exponent of the Cooper pair wave function, with negative curvature increasing
the proximity range exponent and positive curvature shortening it. Furthermore, we discuss how the geometry of the NS interface
governs the transparency of the clean NS junction and thus influences the proximity effect. These results deepen our understanding
of how geometry and the proximity effect interact, which is important for the design and optimization of superconducting hybrid
devices.
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Introduction
When a superconductor (SC) is brought into contact with a
normal metal (NM) or a ferromagnet (FM), Cooper pairs pene-
trate the adjacent material, imparting superconducting proper-
ties to it. This phenomenon, known as the proximity effect,
enables normal material to support supercurrents and to exhibit
a reduced density of states near the Fermi level, where a gap
opens in the single-particle spectrum as electrons form into
Cooper pairs [1-4].

At the same time, unpaired electrons from the normal side
scatter into the superconductor, suppressing the supercon-
ducting order parameter near the interface [5-7]. In the normal
region, the absence of intrinsic attractive electron–electron
interaction causes Cooper pairs to break up beyond a character-
istic length scale, namely, the normal-metal coherence length,

, where Dn is the electron diffusion coeffi-
cient and Tc is the critical temperature [8,9]. In a FM,
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the exchange field Eex further suppresses superconducting
correlations, resulting in a shorter coherence length,

[10-13].

This gradual decay of superconducting correlations in the NM
is a hallmark of the proximity effect [14-16]. The pair correla-
tions continuously decrease from their bulk value deep inside
the superconductor, leak into the normal material, and eventu-
ally vanish at a distance much larger than ξn far inside the NM
[7,17,18]. The spatial dependence of the superconducting pair
correlations is characterized by the pair amplitude F(z), which
varies on both sides of the interface [7,8].

The proximity effect in normal metal–superconductor (NS)
junctions has been thoroughly studied through experimental
[19-21] and theoretical works [7,22-24], which include both
pristine and disordered systems [25,26] across a range of tem-
peratures from near absolute zero to higher finite temperatures
[27]. A key aspect is the spatial variation of F(z) at the NS inter-
face and its decay within the normal metal [7].

At temperatures near Tc, in the ballistic regime, the pair ampli-
tude decays exponentially in a NM according to the expression

(1)

where the character is t ic  decay length is  given by
 in clean metals and K−1 = ξn in dirty

metals. Here, vn is the Fermi velocity in the NM, and z is the
distance from the NS interface [2,7,26-28].

However, at low or zero temperatures, self-consistent Bogoli-
ubov–de Gennes calculations show that the decay is no longer
exponential. In the ballistic regime, the pair amplitude instead
follows a power-law decay [7,29-32],

(2)

where ξ is the proximity length. The exponent α depends on the
spatial dimensionality of the system [33], taking values of α = 1
in 3D [7,29,32], α = 1/2 in 2D [34,35], and α = 0 in 1D [36].
This behavior holds for distances z smaller than both the ther-
mal decay length  and the mean free path l = vnτ,
where τ is the impurity scattering time [32]. Beyond these
scales, the proximity effect is determined by the shorter of these
two length scales [37-39]. These results have been obtained for
materials and samples with strictly defined dimensionality.

In systems with quasi-low dimensionality or multiband materi-
als, where the single-particle density of states departs from
simple integer-dimensional behavior, the power-law decay
exponent α can continuously vary between values typical for 3D
and 1D systems. This transition reflects how the size and shape
of the Cooper pair adapt to the dimensionality of the system
[33]. The effective dimensionality of the proximity effect can
also be influenced by the geometry of the NS interface. As first
shown in [40], the curvature of the interface can significantly
affect the proximity effect, that is, a negative curvature
(concave, viewed from the SC) enhances the proximity range,
while a positive curvature (convex) suppresses it.

Another critical factor is the interface transparency. A perfectly
reflective interface (zero transparency) completely decouples
SC and NM, suppressing proximity-induced correlations and
producing an abrupt change in the Cooper pair density
[7,27,41]. Conversely, a perfectly transparent interface yields a
continuous order parameter profile across the interface. In real-
istic systems, finite reflectivity due to band mismatch leads to
partial suppression of Andreev reflection and reduced prox-
imity strength [6,42]. Even small interface imperfections can
significantly impact superconducting hybrid devices by
enhancing normal quasiparticle scattering at the expense of
Cooper pair transport [42].

Although interface transparency can be tuned by chemical sur-
face treatments or in situ growth [43], an alternative and less
explored approach is to control the proximity effect via the ge-
ometry of the NS junction. In this work, we systematically in-
vestigate how geometrical characteristics of the NS interface,
such as local curvature and morphology, affect both the spatial
decay of the superconducting order parameter in the NM and
the effective interface transparency. We aim to elucidate how
geometric variations modify the amplitude and spatial profile of
the Cooper pair wave function, as well as the effective barrier
potential at the interface. These geometric effects influence the
balance between Andreev reflection and quasiparticle scat-
tering, modulate pair-breaking mechanisms, and thus control
the proximity effect. This geometric degree of freedom provides
a novel route for engineering and optimizing the performance of
superconducting hybrid devices.

Results and Discussion
Model
We perform the calculations on a system described by the two-
dimensional Hubbard model, defined through the following
lattice Hamiltonian [44]:

(3)
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with  where  ( ) represent electron creation
(annihilation) operators for spin σ at site i on the lattice. The
tunneling amplitude tij is non-zero only between nearest neigh-
bors (tij = −t), g > 0 is the superconducting pairing constant on
the superconducting side of the heterojunction, and g = 0 in the
normal region [45].

The effective mean-field Hamiltonian associated with
Equation 3 is written as [44,46]:

(4)

Here  is the single-particle Hamiltonian,

(5)

with δij as the Kronecker delta and Ui as the Hartree potential.

The eigenstates and eigenvalues of Heff can be obtained by
solving the Bogoliubov–de Gennes matrix equations [5,47-49]:

(6)

where u and v are eigenvectors, and E the corresponding eigen-
values, μ represents the chemical potential of the system, which
is adjusted to have the electron density below half-filling,

, where N is the number of lattice
sites, to avoid being in resonance with the peak in the single-
particle density of states at ne = 1.

The order parameter Δij = Δiδij and the Hartree potential Ui are
determined from the self-consistency equations. For the order
parameter, we have [50]

(7)

where Fi is a pair amplitude, and for the Hartree potential

(8)

with ⟨…⟩ denoting the quantum mechanical averaging.

The Equations Equation 6 are solved numerically through a
self-consistent iteration process that produces the eigenvectors u

and v. These eigenvectors are then used to calculate updated
values of the order parameter and Hartree potential, and the
process is repeated until convergence is reached at each site
[51-53]. In the following, all energy values are given in terms of
the hopping amplitude t, and all distances in terms of the lattice
constant.

To investigate the influence of NS junction geometry on
the superconducting proximity effects, we consider a 2D
interface between NM and SC given by a parabolic line in x–z
plane,

(9)

where the parameter η can be interpreted as the curvature of the
interface at x = 0. By varying η, we explore how the curvature
affects the spatial decay of superconducting correlations in NM.
In the limiting case of η = 0, the NS interface is flat, repre-
senting a standard planar junction. For large positive values
η ≫ 1, the geometry approaches a quasi-1D NM channel em-
bedded in a superconducting background, effectively forming a
“normal wire in a superconducting sea” [54]. In contrast, for
η ≪ −1, the system represents a quasi-1D superconducting wire
(which can only exist for moderate |η| due to fluctuations)
immersed in the NM, essentially a “superconducting wire in a
normal sea” [55,56]. Representative configurations for differ-
ent η values used in subsequent calculations are schematically
illustrated by white dashed lines in Figure 1.

For numerical simulations, we used a discretized lattice model
with a system size of 128 unit cells along the z-direction (the
principal axis of the NS transition) and 64 unit cells in the per-
pendicular x-direction. A total of twelve different geometries
were modeled by varying η in the set η ∈ {0, ±0.05, ±0.1,
±0.25, ±0.5, 1, 2, 4}.

Figure 1 illustrates the spatial distribution of the supercon-
ducting pair amplitude across the NS interface for several
selected interface geometries with both negative and positive
values of η. Consistent with previous studies [33], the spatial
decay of superconducting correlations in the normal and super-
conducting regions, corresponding to the proximity and
antiproximity effects, respectively, exhibits distinct qualitative
behaviors. Moreover, both effects are found to be strongly
influenced by the interface curvature η, particularly by its sign.
For instance, in the normal region, the spatial correlations decay
more rapidly when η < 0. In what follows, we present a detailed
quantitative analysis of how the decay rate varies as a function
of η.
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Figure 1: Superconducting correlations in a superconductive sample (S) with normal (N) region of a parabolic shape as a function of the coefficient η
characterizing the parabola curvature, z = ηx2. The white dashed lines show the interface between the superconductor and the normal metal. The
dimensions of the sample are 2L × L with L = 64.

Figure 2: Local density of states normalized to the value of Δbulk along the symmetry axis. (a) η = −0.5; (b) η = −0.1; (c) η = 0; (d) η = 0.1; (e) η = 0.5.
The black arrows show the location of the S–N interface on the z-axis.

The proximity effect is further quantified in Figure 2, which
illustrates the suppression of the density of states (DOS) at low
energies in the NM, that is, the proximity gap, induced by its
proximity to the SC. The magnitude of the gap depends on the
curvature parameter η. The proximity gap sets the lowest quasi-
particle excitation energy scale in the NM region, crucial for
coherence and stability of superconducting hybrid devices. For
NS junctions with large positive curvature, that is, for quasi-
low-dimensional structures, a robust proximity gap emerges,
persisting over extended distances because of enhanced super-
conducting correlations. However, real systems often exhibit a
soft gap in experiments, where the DOS remains nonzero at low
energies. This broadening arises from inelastic scattering, inter-
face imperfections, and finite quasiparticle lifetimes [46,53,57].
Experimentally, the proximity gap can be probed by tunneling
spectroscopy by measuring the differential conductance dI/dV
on the NM side.

Power-law decay of the pair amplitude
To quantify the decay of superconducting correlations in the
normal region, we analyze the spatial profile of the pair ampli-

tude F(z) along the symmetry axis (z-direction). The results
show that, as η increases, the superconducting region progres-
sively envelopes the NM region, strengthening the proximity
effect. In particular, for large positive values of η, the ampli-
tude of the pair penetrates deeper into the NM, indicating sig-
nificantly increased superconducting correlations in this region
[33,36].

To extract quantitative information about the decay behavior of
superconducting correlations into the NM, we fit the computed
pair amplitude profiles to a generalized power-law decay func-
tion of the form

(10)

where z0 is a characteristic length scale (proximity length,
related to superconducting length [32]), F(z→+0) is the numeri-
cal value of the pair amplitude in the vicinity of the interface,
and α is the power-law decay exponent. Representative fits of
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Figure 3: Spatial distribution of the superconducting pair amplitude across the NS junction. (a, b) Fitting coefficients a, z0 as functions of the curva-
ture η for the functional dependence of the superconducting pair amplitude  in the superconducting region. (c) The value of the
superconducting pair amplitude along the z-axis at x = 0; circles represent numerical data, and solid lines correspond to fitted dependencies.
(d, e) Fit coefficients α, z0 as functions of the curvature η for the functional dependence of the superconducting pair amplitude F(z > 0) =
F(z→+0)[(z0)/(z0 + z)]α in the normal region.

the numerical data to this functional form are shown by the
solid lines in Figure 3c. The fitting results for all values of η are
summarized in Figure 3d,e, where the extracted parameters z0
and α are plotted as functions of η. From Figure 3e, we observe
that z0 increases with increasing η. This implies that the prox-
imity length grows as the geometry becomes more confining for
the NM (i.e., as the system approaches a quasi-1D “normal wire
embedded in a superconductor”). This is consistent with the
physical picture that the Cooper pair wavefunction becomes
more spatially squeezed in the normal region [33,58].

Figure 3d is particularly informative, showing how the power-
law decay exponent α varies with η. For negative values of η
(i.e., when the superconductor forms a quasi-1D wire), α in-
creases, indicating a faster decay of the pair amplitude in the
normal region. For positive η, the exponent decreases, corre-
sponding to slower decay and enhanced superconducting corre-
lations. Interestingly, at η = 0, the pair amplitude reaches a
maximum value of approximately α(η = 0) ≈ 0.6, consistent
with previous studies of clean two-dimensional systems, where
values near 0.5 were reported [33-35]. As η increases, α(η)
decays and asymptotically approaches the typical values of
effectively one-dimensional systems, as expected [36].

Exponential recovery of the pair amplitude in
the inverse proximity effect
In a SC, superconductivity is intrinsic. The suppression of the
order parameter, that is, the inverse proximity effect, is a local-
ized response to the boundary condition or interface, and the
pairing potential Δs(z) must recover to its self-consistent bulk
value Δbulk on a characteristic length scale set by the supercon-
ducting coherence length ξs[5,59,60].

In the SC, near the NS boundary, the superconducting order pa-
rameter Δs(z) is governed by the self-consistent Bogoliubov–de
Gennes equations. Linearizing these equations under the
assumption of a weak perturbation (i.e., Δs(z) ≈ Δbulk), one
finds that

(11)

where A is a constant determined by interface transparency
(γNS) and material mismatch (γ). This exponential recovery
arises from the mean-field self-consistency in the BCS theory
and the gapped quasiparticle spectrum of the superconductor.
The system energetically favors a homogeneous pairing ampli-
tude, and any deviation from it decays on a characteristic scale
ξs, as subgap quasiparticles cannot propagate far into the bulk.
Consequently, even at zero temperature, the antiproximity
effect is a short-range phenomenon, in contrast to the long-
range power-law decay of proximity-induced pairing in the
normal metal.

We quantitatively investigate how the curvature of the NS inter-
face modifies this behavior by analyzing the spatial profile of
the pair amplitude Fs(z) inside the superconducting region near
the interface for various values of η. The results shown in
Figure 3c for z < 0 reveal that in certain geometrical configura-
tions, particularly for highly negative values of η, where a
narrow superconducting channel is surrounded by a normal
metal, the suppression of superconducting order can be substan-
tial. To quantify this dependence, we fit the numerical results in
the phenomenological form:



Beilstein J. Nanotechnol. 2025, 16, 2265–2273.

2270

(12)

The parameter c is almost curvature-independent, and its value
is c ≈ FS,bulk. Other fit results are shown in Figure 3a,b. The pa-
rameter z0 is a decay length that decreases with η: For positive
curvature, z0 remains small and constant, while for negative
curvature, it increases monotonically with |η|. We also observe
that the parameter a, which mimics A, exhibits a strong curva-
ture-dependence, reflecting changes in the transparency of the
interface and in the local density of states near the interface.

We quantify this suppression of the order parameter/pair func-
tion amplitude in the SC due to the proximity effect in terms of
a pair-breaking parameter,

(13)

which effectively describes how the boundary to the normal
metal acts as a source of pair breaking. Figure 4b illustrates the
dependence of γ on the geometry of the NS junction, as
extracted from the numerical calculations of the spatial depen-
dence of the superconducting gap shown in Figure 3c. The
results show a monotonic decrease in pair breaking as the ge-
ometry changes from η ≪ −1 to η ≫ 1. This trend is expected
since, for a “normal wire in a superconducting sea”, the influ-
ence of the boundary to NM diminishes.

Proximity-induced gap and interface
transparency
The proximity-induced gap (mini-gap) on the NM side of a NS
junction, shown in Figure 3c, is generally smaller than the
superconducting gap Δs(0) at the interface. This mismatch or
jump between the gaps on both sides of the interface grows at
larger value of curvature η. This is shown in Figure 4a, which
reveals a monotonically increasing dependence δΔ(η).

Figure 4: (a) The difference in gaps at the NS junction as a function of
the NS junction curvature parameter. (b) The interface pair-breaking
parameter as a function of the NS junction curvature parameter.

The obtained monotonic increase of the mismatch in the gaps
is consistent with the earlier results obtained for disordered
superconductons described by the Usadel theory, which
predicts that the value of the jump depends on the interface
resistance. Solving the Usadel equations together with
Kupriyanov–Lukichev boundary conditions for a flat interface
[61] at T = 0, one obtains the following implicit relation for the
proximity-induced gap on the NM side [62]:

(14)

where β = Δs(0)/kTc = 1.76 is the BCS ratio for a conventional
superconductor [63] (Tc is the critical temperature, Δs(0) is the
gap at T = 0). The parameter γNS ≡ σn/(GIξn) describes trans-
parency of the interface (its resistance). Here σn and ξn denote,
respectively, the normal-metal conductivity and coherence
length, while GI is the interface conductance. Equation 14
shows that increasing γNS reduces the proximity-induced gap
Δn, so the mismatch δΔ = Δs(0) − Δn between the gap values on
the two sides of the interface grows when ηNS ∝ 1/GI increases.

The numerical results for the pair amplitude F in Figure 3c are
consistent with this prediction if one takes into account that GI
is proportional to the transmission probability T across the inter-
face. This quantity depends on both the transmission probabili-
ty of the individual conduction channels near the Fermi surface
and on the total number of such channels. Both contributions
are expected to decrease as the curvature η grows. At large η,
the local width of the normal region near the interface
decreases, reducing the number of available transmission modes
in the NM due to transverse confinement [64-67] and, thereby,
decreasing the number of available transmission channels. At
the same time, the coupling between these confined modes on
the NM side and the continuum modes on the SC side weakens
because of increasing momentum mismatch, which suppresses
the transmission probability of the channels through the inter-
face. Together, the reduction in channel number and the
suppressed coupling decrease the interface conductance GI
[68,69]. A lower GI corresponds to a larger effective interface
transparency parameter γNS, and, according to Equation 14, this
results in a smaller proximity gap Δn and a larger jump δΔ at the
interface. This provides a qualitative explanation for the numer-
ical observation that the proximity-induced gap on the NM side
diminishes as the curvature η increases.

Conclusion
In this work, we have systematically investigated the impact of
the geometry of a superconductor–normal metal heterojunction
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on key features of the proximity effect, namely the power-law
decay of the Cooper pair amplitude, the effective transparency
of the junction, and the induced proximity gap in the normal
region. Employing a fully numerical self-consistent solution of
the Bogoliubov–de Gennes equations, we analyzed a variety of
boundary geometries without relying on simplifying assump-
tions such as quasiclassical approximations or linearized gap
equations. Our approach thus captures both the microscopic
structure of the pairing correlations and the influence of bound-
ary-induced inhomogeneities in a unified framework.

We find that the power-law decay of the induced pair ampli-
tude in the normal region is highly sensitive to the shape of the
NS interface, as quantified by the exponent α, which varies
systematically with the boundary curvature. Likewise, the effec-
tive transparency of the interface and the amplitude of the in-
duced proximity gap are strongly modulated by geometric
factors. These results demonstrate that the NS boundary geome-
try appears not merely to be a passive feature of the device but
an active design parameter that can significantly alter the
strength and spatial extent of superconducting correlations in
hybrid structures.

Our findings have important implications for the engineering of
superconducting heterostructures, particularly in nanoscale and
mesoscopic systems where interface properties can be tailored
with high precision. For example, geometric control of the
proximity effect may provide an additional degree of freedom
for optimizing device performance in superconducting quan-
tum circuits, Josephson junctions, or topological supercon-
ducting platforms, where the strength and range of the induced
pairing correlations are critical.

Future work could extend our analysis to incorporate the effects
of disorder, finite temperature, spin–orbit coupling, and magnet-
ic fields, which are known to interact with geometry in
nontrivial ways. Furthermore, comparison with experimental
data from hybrid nanostructures with engineered NS bound-
aries, such as those reported in [40], shows good quantitative
agreement with our predictions.

In summary, we have shown that boundary geometry is a key
factor in shaping the superconducting proximity effect in NS
heterostructures. Our results provide both qualitative insights
and quantitative predictions that can guide the design and inter-
pretation of experiments in superconducting hybrid systems.
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Abstract
In this paper we present the results of the development, fabrication, measurements, and analysis of terahertz-range oscillators based
on Josephson junction arrays embedded into the central electrode of a coplanar line. The influence of array geometry, the presence
of a matched load at the nonradiating edge, and the magnitude of the tunneling current density of Josephson junctions on such oscil-
lator characteristics as radiation power, linewidth, and operating range are discussed. Various options are suggested for further
improvement of the oscillator performance.
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Introduction
Superconducting heterodyne receivers based on supercon-
ductor–insulator–superconductor (SIS) tunnel junctions have
ultimate characteristics unreachable to devices based on other
principles [1-3]. The unique nonlinearity of the current–voltage
characteristic (IVC) near the gap voltage of the junction enables
the gain of the intermediate frequency (IF) signal after mixing
with the radiation from the local oscillator (LO) [4]. This effect
together with the operation at cryogenic temperatures and the
quantum nature of the mixer itself allow for the development of
receivers with the noise temperature Tn only a few times higher

than the quantum limit ≈hf/kB, where h and kB are the Planck
and Boltzmann constants, respectively, and f is the frequency of
the incoming radiofrequency (RF) signal [4,5]. Such receivers
are used as a sensitive element of the state-of-the-art terahertz
(THz) range ground-based (ALMA [6], APEX [7]) and space-
based (Hershel [8], Millimetron [9]) telescopes. The ground
and space-based telescopes are combined in a large net
called “Event Horizon Telescope” [10] which was used for
direct observation of the black hole shadow in the M87 Galaxy
[11].
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The LOs for the conventional SIS receivers are mostly gener-
ated by Schottky diode multipliers, which have a radiation
power in the terahertz range up to 2 mW and efficiency of
approx. 5% [12]. However, these devices can be fabricated only
in few laboratories around the world (e.g., JPL NASA) and may
not be accessible in some countries.

The other approach was suggested in previous works [13,14]
where the LO based on the FFO is fabricated on the same chip
and in the same technological process as that of the SIS mixer.
This approach allowed for superconductor integrated receivers
(SIRs) with some of the characteristics even superior to those of
SIS receivers with conventional LO based on Schottky diodes.
The concept of the SIR has proven itself for many times both in
laboratory and in real-life conditions. The terahertz SIS-mixer
integrated on the same chip with the LO based on a flux-flow
oscillator (FFO) and a receiving antenna [13] was used to study
the irradiation of the human body [15], gas spectroscopy [16],
and the atmosphere gas components at the TELIS mission on
board of the stratospheric balloon [17].

However, the LO based on FFO has some problems yet to be
solved. The operation frequency of the FFO is limited by the
gap frequency of the superconducting niobium that forms one
or both of its electrodes [18]. Currently, Josephson junctions
(JJ) are mostly fabricated using Nb–Al/AlOx–Nb or Nb–Al/
AlN–NbN technologies [19,20]. A number of attempts were
made to establish the technology for the fabrication of Nb-based
technologies,  such as  NbTiN–Al/AlN–NbTiN [21],
NbN–AlN–NbN [22], NbN–TaN–NbN [23], NbN–MgO–NbN
[24]. Nontheless, the use of Nb alloys will only partially solve
the problem of high-frequency generation due to high surface
losses in NbN and NbTiN [18,25,26]. Note that the use of
Nb–Al/AlN–NbN allows for the fabrication of tunnel junctions
with a tunnel current density of up to 100 kA/cm2 with a quality
ratio Rj/Rn over 20, where Rj and Rn are the resistance of the
SIS junction below and above the gap voltage Vg, respectively
[20]. A high tunnel current density is crucial for the RF and IF
bandwidth of the mixer; however, to the best of our knowledge,
the FFO based on Nb alloys has not been developed yet.

Another problem is related to the fact that the FFO operates in
resonant (or Fiske-steps) mode [27] at voltages below Vg/3. At
higher voltages, the presence of the self-pumping effect [28]
leads to an increase of the attenuation of the waves propagating
in the FFO and the smoothing of the Fiske steps. The operation
in the Fiske steps mode is complicated by the need to search for
operation points at a particular frequency with sufficient genera-
tion power. The computer procedure of the operating point
selection performed by varying the bias current through the
FFO and the magnetic field takes about 1 min, and it is done

after each thermal cycling [13]. Also, the ratio of the radiated
power to the consumed DC power is slightly higher than 5%.

Some of the aforementioned problems can be solved by the use
of Josephson junction arrays as LO for the SIR. The junctions
can be fabricated by the use of robust Nb-based technologies,
whereas the electrodes of the transmission lines where the junc-
tions are implemented can be fabricated using Nb compounds.
In a work by Uzawa et al. the generation of up to 800 GHz was
observed [29]. When a JJ array is properly matched to the load,
its radiation power linearly increases with the number of
synchronized junctions N, while the emission linewidth linearly
decreases [30,31]. Moreover, if reflections from the ends of the
array are suppressed (e.g., by using a matched load), standing
waves and resonances should no longer occur. It should be
noted that if the characteristic synchronization radius of the
junctions in the array is smaller than the length of the array,
there is a saturation of the maximum power that can be
achieved [32].

Currently, there are several implementations for the arrange-
ment of the JJs in the array. The junctions can be connected
either in series and or in parallel and can be arranged in several
ways: spaced by λ/2 from each other, at a distance much smaller
than λ, or arranged in groups, where junctions within each
group are closely packed while the groups themselves are sepa-
rated by λ/2 [31,33]. Here, λ is the wavelength at the frequency
of operation. When the junctions are grouped or spaced by λ/2,
mutual synchronization becomes easier to achieve. However, in
such cases, the generation spectrum is limited to only a few
frequencies determined by the condition that the spacing be-
tween the groups or individual junctions contains an integer
number of half-wavelengths. One-dimensional and two-dimen-
sional array circuits have also been implemented. In the work
[34], with 1986 JJs arranged in a two-dimensional array at λ/2, a
power of 160 μW was achieved at a frequency of 240 GHz. In
the paper [35], a one-dimensional array consisting of 9996 Nb/
Si/Nb junctions was presented, capable of frequency tuning
from 139 to 343 GHz, with a linewidth in the best points of less
than 100 kHz. In the works by Uzawa et al. [29,36,37], genera-
tors and receivers based on one-dimensional arrays, where the
JJs are spaced at λ/2, were investigated, demonstrating the pos-
sibility of generating frequencies from 150 to 800 GHz with
power ranging from 0.2 to 10 μW.

In recent papers [38,39], we have suggested a new type of JJ
arrays where the junctions are embedded into the central elec-
trode of the coplanar transmission line (CPW). For a local oscil-
lator in a heterodyne receiver, continuous frequency tuning is
crucial. For this reason, the junctions are spaced at distances
much smaller than the wavelength. We suppose that the choice
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of such topology where the array is in the central electrode of
the CPW enabled the synchronization between the junctions by
high frequency currents. This allowed to achieve the power of
up to 0.4 μW for the array consisting of 200 junctions with an
area of 2.8 μm2 and a tunnel current density of approx.
5 kA/cm2. This power is already sufficient for on-chip applica-
tions: both for the mixer pump in the receiver and the operation
of the harmonic mixer (HM) for frequency and phase locking.
For the first time the possibility of phase locking of the JJ array
to the local source unit was demonstrated with a spectral ratio
higher than 90% at the best points [39]. We have also studied
and compared the free-running linewidth of the array to theoret-
ical estimates [32,40,41] and investigated how the array perfor-
mance is affected by the matched load in the form of Klopfen-
stein tapering, which ends with the section of the microstrip line
with the normal top electrode.

In this paper we concentrated on the high-frequency properties
of JJ arrays and on the discussion about the feasibility of the LO
in SIR based on them. In our previous works we observed that
the radiation power at frequencies higher than 500 GHz was
lower than expected. However, for the samples with higher
tunnel current density, the operation frequency was observed to
be higher. Here, we will give the explanation and suggest the
methods for further increase of the maximum operating fre-
quency of the JJ arrays. In addition, we fabricated a new set of
samples that incorporate a matched load on the non-radiating
end, improved array–SIS detector matching circuits, and varied
tunnel-current densities.

The LO for SIR should satisfy the following criteria based on
the previous study of a heterodyne receiver with a local oscil-
lator based on long Josephson junctions (LJJ) [42]. First, the
power of the RF signal incoming to the SIS mixer should in-
duce the quasiparticle current step more than 0.25 of the cur-
rent at the gap voltage of the mixer junction. Second, the oscil-
lator frequency should be tunable in a wide range. Third, the
ability to phase-lock to the external stable synthesizer should be
implemented. Fourth, the spectral ratio (ratio of the signal
power at the peak to the total radiated power, including noise
and parasitic modes) in the PLL mode should exceed 90%. In
this paper we will show that newly fabricated samples meet
these criteria.

The paper is divided into four sections. In the first section we
briefly review the topology and the fabrication technology of
the samples. In the second we describe the measurement setup
and methodology. After that we present the results of the mea-
surements with the calculations and simulation. Finally, we
discuss the feasibility of the LO based on JJ arrays of the pro-
posed topology.

Experimental
Samples
The block diagram of the SIR is shown in Figure 1. The incom-
ing RF signal is fed into the antenna and then goes into the
mixer, where it is mixed with the signal from the LO. Due to
the extreme nonlinearity of the SIS mixer, the signal is down-
converted to the IF with moderate loss [43]. In order to stabi-
lize the generation line of the LO, the system with the HM is
used. HM is a single Josephson tunnel junction that not only
helps to estimate the array radiation power while operating as a
direct detector, but also mixes the radiation from the array with
the high-order (up to 40) harmonics of the external commercial
synthesizer (operation frequency range: 16–19 GHz). The IF
signal resulting from the HM goes to the LO stabilization
system, where its frequency is compared with the reference and
the bias current through the array is adjusted in order to mini-
mize the difference between the IF signal and the reference. The
details on the operation principles of this system can be found
in [13]. All the elements within the magenta rectangle in
Figure 1 are integrated in a single chip of the SIR.

Figure 1: Principal scheme of the superconductor integrated receiver
(SIR).

Here we study the local oscillator based on the JJ array together
with the harmonic mixer (elements within the black dashed
rectangle in Figure 1). The purpose of the samples under study
is to develop the wideband matching circuits between the LO
and HM and implement the phase locking loop (PLL) for a new
type of LO [42].

The image of one of the experimental samples captured by an
optical microscope is shown in Figure 2. The radiation from the
array of the Josephson junctions is detected by a small SIS
tunnel junction with an area of approx. 1 μm2. This junction
also functions as the harmonic mixer in spectral measurements.
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Figure 2: Capture of the experimental sample by an optical microscope; inset – enlarged image of the junctions in the array. The length of each of the
three sections of the array is 2 mm (the major part is not shown for visibility). The dashed red line shows the cross-section of the layers illustrated in
Figure 3.

A DC block in the form of a slot antenna allows to separate the
DC connection of the array and the detector. The SIS tunnel
junction has a parasitic capacitance of approx. 100 fF that
becomes significant at terahertz frequencies. The microstrip line
of a certain length shorted at high frequencies by a radial stub
serves as the effective inductance in order to compensate the
parasitic capacitance in the band of operation. The connection
of the JJ array to the DC bias supply is implemented using
Chebyshev low-pass filters (LP filter in Figure 2) in order to
prevent the array radiation from leaking into these lines.

In order to suppress the standing waves in the array, the
matched load in the form of Klopfenstein tapering [44] is used.
It is made up by a 5λ/4-long transition from CPW to the
microstrip line with a normal top electrode that serves for atten-
uation of the reflected wave.

Each JJ in the array is shunted by a thin-film resistor made of
normal metal. In our technological cycle, the molybdenum film
with a thickness of 100 nm (surface resistance of approx.
1 Ω/square) is used. A shunt is crucial for reducing the
McCumber parameter to the value of ≈0.3 in order to provide a
hysteresis-free current–voltage characteristic (IVC) [3]. The pa-
rameters of the single junctions in this work are as follows:
Ic = 110 μA, C = 300 fF, Lshunt = 1.5 pH, and Rshunt = 1.9 Ω.
For this set of parameters there is a bump on the single junction
IVC at a voltage of approx. 0.5 mV caused by an LC resonance
between the shunt inductance and the junction capacitance.
Since the corresponding resonance frequency is below the oper-

ating range of the samples, we will not discuss these effects
here. At certain parameter values, the IVC of the single JJ ex-
hibits a number of features that can be quantitatively described
by the RLCSJ model, as shown in [38,45,46].

The image of the technological layers near the JJ and the shunt
in the cross-section shown by the dashed line in Figure 2 is
shown in Figure 3. The details of the fabrication processes can
be found in our previous works [19,20].

Figure 3: Cross-section of the technological layers near the JJ and the
shunt (see the red dashed lines in Figure 2 and the inset).

Measurement technique
When the JJ array irradiates the SIS mixer, the probability of
quasiparticle tunneling through the tunnel barrier increases.
This leads to a rise in current at voltages below the gap and the
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emergence of the so-called quasiparticle steps. This process is
known as photon-assisted tunneling. The magnitude of the cur-
rent on a quasiparticle step within the investigated range is
linearly proportional to the incident power. The precise shape of
the pumped IVC can be derived from the known autonomous
IVC using the expressions from the Tucker–Feldman model
[47]. The model is applicable for all frequencies and powers in
the study, provided that a sufficient number of harmonics p are
taken into account when calculating the pumped IVCs from an
autonomous IVC. We selected p = 5, since beginning from
p = 3 the change in the form of the calculated IVCs was compa-
rable to the approximation error. However, one should take into
account that a high incident power would likely cause junction
overheating and give rise to nonequilibrium effects, thus
restricting the model applicability [48].

A set of IVCs for the SIS mixer at various pump power levels is
shown in Figure 4. Experimental IVCs are indicated by colored
markers, while the dashed curves represent approximations ob-
tained using the Tucker–Feldman expressions. Due to the
incompletely suppressed critical current, Shapiro steps also
appear on the IVC of the SIS mixer at voltages of hf/2e [49].
The corresponding jumps in the theoretical IVCs arise from
replicas generated when shifting the autonomous IVC by nhf/e,
where n is an integer.

Figure 4: The set of the IVCs of the SIS mixer irradiated by the JJ
array with 600 JJs at frequencies of 300 GHz and 515 GHz. The
dashed curves are calculated using theoretical expressions from
Tucker–Feldman model [47]. Circle at 2.4 mV denotes the operating
point of the SIS mixer during DC measurements. Ipump is the current
through the mixer that arises from photon assisted tunneling and
serves for the incoming power estimate. The power level is about
0.18 μW at 300 GHz and 0.07 μW at 515 GHz. Ig is the current at the
gap voltage Vg.

Figure 5 shows the IVC of the JJ array for one of the samples
with 600 JJs. The color indicates the value of the Ipump normal-

ized to Ig for the SIS mixer at the corresponding voltage. The
steps present on the IVC (see the inset in Figure 5) arise from
longitudinal resonances along the entire length of the array,
which are much smaller than in previous samples with no
matched load (see [38] to compare). The relation between the
voltage across the array and the radiation frequency can be esti-
mated using the expression f = 2eV/hN, where N is the number
of synchronized junctions in the array. This formula holds with
good accuracy, but is only suitable for qualitative estimates.
Moreover, previous measurements have demonstrated that the
actual generation frequency may deviate from the value calcu-
lated by the above formula since the generation frequency locks
on the modes of the coplanar waveguide, and due to the fact
that not all of the junctions in the array are synchronized [50].

Figure 5: IVC of the 600 JJ array with 300–550 GHz matching circuit
and matched load on the nonradiating end. The color indicates the
Ipump of the SIS mixer in the corresponding operating point. The inset
shows the enlarged part of the IVC, where the steps related to the
resonances along the entire array length are observed.

Results and Discussion
Operation frequency band of the samples
We performed numerical calculations in order to design the
coupling circuits between the JJ array and the SIS mixer. The
calculation methods for the superconductor planar structures are
described in works [51,52] and will not be duplicated here. In
total, two designs were calculated and tested, covering the
300–550 GHz and 500–700 GHz range. The first matching
circuit has a bandwidth of more than 50% relative to the central
frequency (250 GHz with a central frequency of 450 GHz); the
second, ≈30% (bandwidth 200 GHz with a central frequency of
600 GHz). The low-frequency matching circuit was easier to
design due to the dispersion in the superconductor microstrip
lines made of niobium at frequencies over 500 GHz, rising from
the frequency dependence of the London penetration depth
[18,53]. The experimental results for the S21 coefficient of the
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Figure 6: Pump current (black squares) and the calculated S21 parameter (dashed pink curve). (a) Design for the 300–550 GHz range and
(b) 500–700 GHz range. The blue curve (right axis) denotes the transmissivity of the CPW line. The red vertical line depicts the gap frequency for the
samples.

300–550 GHz and 500–700 GHz matching circuits and the
calculations are shown in Figure 6a and Figure 6b, respectively.
The experimental values of Ipump are normalized to Ig. Howev-
er, the experiment shows a discrepancy with the calculations at
frequencies over 500 GHz (see Figure 6a).

We studied the possible reasons for this and found that the per-
formance deterioration at high frequencies is likely caused by
the attenuation in the CPW. We performed calculations of the
CPW with the same material parameters as the those in the sam-
ple arrays. The S21 parameter for the coplanar line is shown by
the cyan dotted line in Figure 6a and Figure 6b. The values are
indicated on the right axis. The decrease is caused by the leak of
the JJ array radiation into the substrate. Moreover, the parame-
ters of the films that form the electrodes for this technological
run turned out to be slightly different from those used in the
calculations (in particular, the gap frequency, denoted by the
vertical dash-dotted red line was found to be 650 GHz instead
of 700 GHz). The estimate of the gap frequency was done from
the value of Vgap of the tunnel junctions (see Figure 4, where
Vgap ≈ 2.7 mV, which corresponds to the gap frequency of
niobium films ≈650 GHz).

A possible solution to address this problem is the CPW with a
smaller gap width Wgap (see the inset in Figure 7). As can be
seen from Figure 7, with a decreasing Wgap the attenuation in
the CPW becomes smaller. This approach will be used in the
topology of new designs. The width of the central electrode Wc
is also changed in order to keep the characteristic impedance
close to 50 Ω and the effective dielectric constant close to the
ones in this study. However, the width of the central electrode
of the CPW Wc = 38 μm is limited in the present design by the
geometrical size of the junctions shunted by a thin-film resistor.
As discussed in [54], for the CPW lines with a high Wc and

small Wgap, the difference between the frequencies of the odd
and even modes becomes smaller. The coexistence of these
modes is likely to degrade the oscillator performance because
two modes with different wavelengths, and therefore different
propagation constants, will be present in the CPW line, which
may hinder phase-locking to the external stable synthesizer. In
addition, a significant change in the characteristic impedance or
propagation constant will likely affect the synchronization
radius [32]. This topic will be addressed in future research.

Figure 7: Transmissivity of the CPW lines with different gap widths.
The inset shows the profile of the CPW.

We also compared the new results for the tunnel current densi-
ty of 5 kA/cm2 to the previous series with a 13 kA/cm2 tunnel
current density; the results are shown in Figure 8. It should be
noted that the radiation power is higher for samples with a
higher tunnel current density. Although synchronization and
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stable generation were not achieved across the entire band-
width supported by the matching circuit, due to the absence of a
matched load at the nonradiating end, the maximum operating
frequency still was as high as 700 GHz. The possible reason for
the better performance of the samples with a high tunnel cur-
rent density at high frequencies is that with an increased tunnel
current density, a bigger part of the RF current is flowing
through the junction and less through the capacitance and the
shunt (which also has finite inductance that deters high-frequen-
cy properties of the arrays). The new series of the experimental
samples with higher tunnel current density is currently being
fabricated.

Figure 8: Pump current and calculated S21 parameter for the scheme
with a higher critical current density. The discrepancy between the ex-
periment and modeling is likely to be caused by the absence of the
matched load at the nonradiating end.

Spectral properties of the Josephson
junctions array
In this section we will discuss the results of the spectral mea-
surements and the feasibility of the LO in SIR based on a JJ
array of the proposed topology. First, for the SIR to operate, the
power of the LO coupled to the SIS junction induces the cur-
rent on the quasiparticle step greater than 25% of the Ig [13].
The measurements from the previous section show that this
requirement is confidently met. Second, the LO radiation must
be sufficiently monochromatic (spectral ratio ≥90%) in order to
prevent signal spectra change while down-conversion to IF.
Furthermore, for applications in spectroscopy, phase-locking to
the external stable synthesizer is crucial [16]. Figure 9 shows
the radiation IF spectrum of the JJ array at a frequency of
522 GHz. The linewidth of the free-running array is less than
0.5 MHz, while the signal-to-noise ratio is approx. 30 dB. The
calculation using the Rogovin–Scalapino [40,41] formula with
the differential resistance normalized to a single junction yields
the value of approx. 0.1 MHz. This is somewhat lower than the

experimental value, probably due to the presence of the thermal
noise arising from the current flowing through the shunts and
other low-frequency fluctuations. In our earlier works we
demonstrated the feasibility of phase-locking the array to an
external stable synthesizer. The spectrum in the PLL mode is
shown by the dashed pink line in Figure 9. The spectral ratio
reaches 92%, which is sufficient for the integrated receiver
operation. In the PLL mode, the linewidth becomes very small
due to the elimination of the influence of both low-frequency
and high-frequency noises; its measured value is determined by
the resolution bandwidth of the spectrum analyzer. The detailed
study of the phase noise in the PLL mode is subject for further
research.

Figure 9: IF spectra of the 600 JJ arrays at 522 GHz. The free-running
radiation linewidth is ≈0.5 MHz with a signal-to-noise ratio of ≈30 dB;
the spectral ratio is 92% in case if the array operates in PLL mode.

The IVC of the JJ array when the PLL mode is active is shown
in Figure 10. The current step induced by the PLL system is
approx. 0.5 mA, which is three orders of magnitude higher than
the characteristic noise level in the current bias system
(≈0.5 μA) and thermal noise. This shows the robust nature of
the PLL. The additional steps of smaller size are likely to be
caused by the locking at different harmonics and other side-
bands. It should be noted that the form of the IVC in spectral
measurements in the cryostat is different from that measured in
the LHe probe because the PLL system and the JJ array have
comparable impedances.

Conclusion
Summing up, we state that the described oscillator based on a
series-connected JJ array embedded into the central electrode of
a coplanar line has sufficient output power and spectral ratio in
the PLL mode to operate as LO in SIR. Based on the results
presented in this work, we conclude the feasibility of tunable
LO covering an entire range from 100 to 700 GHz with the only
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Figure 10: JJ array IVCs with (pink hollow circles) and without PLL
(black squares). The PLL-induced step is much higher than the charac-
teristic noise level (0.5 mA ≫ 0.5 μA).

limitation caused by the transmission coefficient of the
matching circuit. We also demonstrated that an increase in
tunnel current density through the JJs enables frequency genera-
tion at higher frequencies. Furthermore, minor corrections to the
CPW topology will help to extend the maximum operation fre-
quency further to the high-frequency region.
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Abstract
The diode effect in superconducting materials has been actively investigated in recent years. Plenty of different devices have been
proposed as a platform to observe the superconducting diode effect. In this work, we discuss the possibility of a highly efficient
superconducting diode design with controllable polarity. We propose a mesoscopic device that consists of two separated supercon-
ducting islands with proximity-induced ferromagnetism deposited on top of a three-dimensional topological insulator. Using the
quasiclassical formalism of the Usadel equations, we demonstrate that the sign of the diode efficiency can be controlled by magneti-
zation tuning of a single superconducting island. Moreover, we show that the diode efficiency can be substantially increased in such
a device. We argue that the dramatic increase of the diode efficiency is due to competing contributions of the two superconducting
islands to the supercurrent with single helical bands linked through the topological insulator surface.
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Introduction
Superconducting nonreciprocal phenomena have been attracting
a lot of attention over the last several years [1]. Particularly, the
diode effect in superconducting systems has been widely dis-

cussed due to its interesting underlying physics and potential
application in nondissipative superconducting electronics [2-4].
So far, the superconducting diode effect has been reported in
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many different systems, including Josephson junctions [5-11],
junction-free devices [12-17], superconducting microbridges
[18,19], and other systems [20,21]. There have been numerous
theoretical propositions demonstrating the possibility of the
superconducting diode effect such as bulk superconducting ma-
terials [22-34], proximity-effect hybrid structures [35-45],
Josephson structures [46-65], nanotubes [66], confined systems
[67], asymmetric SQUIDs [68-70], and superconducting
systems with nonuniform magnetization [71]. The diode effect
might be useful not only from an application point of view, but
it may be also employed as a way to detect the spin–orbital cou-
pling (SOC) type of the material [72].

Typically, such devices require three ingredients for achieving
the nonreciprocity of the critical current, including lack of
inversion and time-reversal symmetries and the presence of the
superconducting order parameter [1]. However, it should be em-
phasized that the lack of inversion symmetry is the implication
of the gyrotropy in the structure of the material that supports
nonreciprocal transport [39]. On the microscopic level, the lack
of inversion symmetry is expressed by the SOC term. In this
regard, systems based on topological insulators (TIs) are inter-
esting since they offer strongest SOC rendering linear spin-
polarized dispersion for the surface states [73].

The diode effect in TI-based structures has been reported in
Josephson junctions, as well as in hybrid structures. In practice,
when producing mesoscopic diode devices, it is reasonable to
expect some presence of nonmagnetic impurities in the struc-
tures. However, it has been shown previously that the diode
efficiency is expected to be low in diffusive TI-based systems
[37,50]. Another disadvantage of the TI diffusive diodes is their
limited tunability. In these devices, the polarity of the diode
cannot be changed without reversing the Zeeman field, al-
though in long ballistic S/TI/S (S denotes a superconductor)
Josephson junctions such a situation is possible [52].

In the present work, we propose a superconducting diode based
on two superconducting regions with a proximity-induced
in-plane exchange field on top of the TI. The Fermi contour of
the TI surface states is usually represented by the Dirac spec-
trum, that is, a single helical band, which is characterized by the
strongest spin-momentum locking effect. Here, we consider the
F/S/TI/S/F (F denotes ferromagnetic layer) hybrid structure
depicted in Figure 1. We argue that such a hybrid structure can
behave as a system with two helical bands as, for example,
noncentrosymmetric superconductors [26,74]. However, the
two helical bands in the structure under consideration are
coupled not in the momentum space but in the real space by the
TI surface. The coupling between the two islands can be con-
trolled, for example, by the width of the non-superconducting

TI part. When considering the diode effect, the proposed layout
can substantially increase the diode efficiency, provided the
ferromagnetic exchange fields of the two F/S regions are
oriented in opposite directions. Misalignment of the exchange
fields leads to the competition of the two separate helical bands
in the superconducting regions in their contribution to the criti-
cal current nonreciprocity (Figure 1).

Figure 1: Geometry of the controllable diode under consideration,
which consists of two superconducting islands with the proximity-in-
duced in-plane exchange field deposited on top of the topological insu-
lator. Schematic representation of the Fermi contours of the two super-
conducting regions with the exchange fields oriented in the opposite
directions. S1 and S2 are linked through the TI surface.

Quasiclassical Theory
The F/S/TI/S/F hybrid structure can be described by the
following effective low-energy Hamiltonian in the particle–hole
and spin space:

(1)

where α is the Fermi velocity, μ is the chemical potential, and
V is the impurity potential of a Gaussian form, which is used
for further quasiclassical approximation in the dirty limit.
h = (hx, 0, 0) is the exchange field due to the adjacent
ferromagnetic material. The matrices τ and σ are 2 × 2 Pauli
matrices in the particle–hole and spin spaces, respectively.
The superconducting pair potential matrix  is defined as

, where the transformation matrix
is . The finite center of mass momentum q
takes into account the helical state. The pair potential Δ(x) is a
real function defined as follows:
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(2)

Here, Δ1 and Δ2 are calculated self-consistently and correspond
to the superconducting regions S1 and S2, respectively
(Figure 1). Finally, L is the width of the bare TI surface (normal
N part) and ds1(ds2) is the width of S1 (S2) region. It is impor-
tant to emphasize that, although the geometry of the considered
device corresponds to a Josephson junction, in this work we
consider zero macroscopic phase difference between regions S1
and S2, so that the Josephson supercurrent due to the phase shift
is absent. The anomalous ground state phase shift ϕ0 is also
absent since we assume the exchange field component hy = 0. In
contrast, the hx component is considered to be finite in the
system and defined as follows:

(3)

As we stated above, we assume the phase gradient q to be the
same in the whole system. Obviously, this is not the case if
L ≫ ξ because, in this case, the Josephson coupling between the
S1 and S2 leads is absent, and they do not “feel” each other. In
each lead, a distinct phase gradient q1,2 = −2hi/α is established
to satisfy the zero spontaneous current condition required for
the helical ground state [37,75,76]. If the superconducting leads
get closer to each other, Josephson coupling between them
develops gradually, and Josephson currents between the leads
appear. Consequently, the distribution of the superconducting
phase becomes a complex two-dimensional function of spatial
coordinates. Thus, a general solution of the problem requires a
consideration of the two-dimensional distribution of the order
parameter phase; but here we restrict ourselves to the case

 and the regime of relatively strong Josephson cou-
pling between the leads S1 and S2. The second condition means
that , and the transparency of the interfaces between the
superconducting leads and the TI layer is rather high. In this
case, it is energetically favorable to have the same phase
gradient along the whole S1/TI/S2 Josephson junction and the
key results are obtained within this regime.

In practice, one possible implementation of the hybrid structure
includes a thin layer of Nb on the surface of Bi2Se3 with FeMn-
or CuNi-based ferromagnets deposited on top of the supercon-
ductors. Despite the challenges, it is still possible to implement
heterostructures with opposite magnetization directions as in,
for example, F/S/F spin valves [77]. Another possibility is more

modern and is based on van der Waals structures comprised of
transition-metal dichalcogenide materials such as supercon-
ducting NbSe2 and magnetic VSe2 on top of Bi2Se3 [78].

We solve the stated problem for the Hamiltonian in Equation 1
within the microscopic approach based on the quasiclassical
Green’s functions in the diffusive limit, that is, when the coher-
ence length ξ is much larger than the electron mean free path l.
Such model can be described by the Usadel equations [79-81]

(4)

Here D is the diffusion constant, and τz is the Pauli matrix in the
particle–hole space. In the general case, the operator

. The Green’s function
matrix is also transformed as .

To facilitate the solution procedures of the nonlinear Usadel
equations, we employ θ parametrization of the Green’s func-
tions [82]:

(5)

Substituting the above matrix into the Usadel equation (Equa-
tion 4), we obtain in the superconducting S parts |x| > L/2:

(6)

where the indices i = 1, 2 refer to the superconducting parts S1
and S2, respectively, qi = q + 2hi/α, and in the normal N part
−L/2 < x < L/2:

(7)

where θs(N) means the value of θ is the S(N) of the TI
surface, respectively. We introduced the characteristic length

, where Ds(N) is the diffusion constant in
S(N) part and Tcs is the transition temperature of the bare S
region. The self-consistency equations for the pair potentials
read
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(8)

where the summation is performed up to the Debye frequency
ωD. Finally, we supplement the above equations with two pairs
of the boundary conditions (two for each S/N interface) of the
following type:

(9)

(10)

Here, γB = RBσl/ξl, γ = ξrσl/ξlσr where σl(r) is the conductivity
of the material on the left (right) side of the interface. The pa-
rameter γ controls the slope of the Green’s functions at the
interface, whereas γB controls the mismatch between the func-
tions at the interface. While for identical materials γ = 1, in
general, this parameter may have arbitrary values. γB is the pa-
rameter that determines the transparency of the S/F interface
[83-85].

The final problem comprises several equations, namely, the
Usadel equations in the superconducting (S) and normal (N)
parts (Equation 6 and Equation 7), two self-consistency equa-
tions (Equation 8) in each superconducting region S1 and S2,
and the boundary conditions at the S1/N, N/S2 interfaces and at
the free edges of the superconductors. These equations are
solved simultaneously for a given phase gradient q. Using the
finite difference method, the equations are discretized on a one-
dimensional grid, resulting in a system of nonlinear equations
that is solved by the Newton–Raphson method. We then
compute the total supercurrent through the hybrid structure as a
function of q, from which the supercurrent and critical current
of the system are determined.

The supercurrent in the diffusive limit can be found from the
expression

(11)

Performing the unitary transformation U, the current density
transforms as follows:

(12)

(13)

The total supercurrent flowing through the system along the
y-direction can be calculated by integrating the current density
of the total width of the F/S/TI/S/F structure:

(14)

where Is1, Is2, and IN are the total supercurrents integrated along
the x-direction in S1, S2 and N regions, respectively.

Results and Discussion
We fix the following system parameters throughout the discus-
sion of the results: ds1 = ds2 = 1.2ξ, γ1 = γ2 = 0.5, T = 0.1Tcs.
We start with the analysis of the I(q) relations when the
exchange fields H1 and H2 are the same in both supercon-
ducting regions. In Figure 2a, we observe a characteristic be-
havior of the supercurrent with I(q0) = 0, where q0 ≠ 0 is the
ground-state Cooper pair momentum, which reflects the helical
nature of the superconducting ground state. We can also notice
some nonreciprocity of the supercurrent, that is, , which
is a consequence of the helical state. As we will see below, the
diode efficiency is quite low and, in this case, does not exceed
several percent. In the absence of any exchange field, the super-
current is I(q = 0) = 0, which means that the ground state is a
conventional state with zero Cooper pair momentum. To get
more insight, we plot the supercurrent density Jy in Figure 2b.
Hence, in the situation when H1 and H2 are perfectly aligned,
we expect well-known behavior of the total supercurrent.

Now, we discuss the case when the exchange fields H1 and H2
are oriented in opposite directions (Figure 2b). When the dis-
tance between S1 and S2 is large (L = 4ξ), the superconducting
regions are well separated and act almost independently with
distinct critical supercurrents  and  corresponding to S1
and S2, respectively. This circumstance can be clearly seen
from I(q) dependence for L = 4ξ; in this sense, the distance L
can be imagined as a coupling strength between S1 and S2. The
behavior of I(q) dramatically changes when L becomes smaller.
The regions of the I(q) curve that previously could be easily
assigned to each superconducting island start to “overlap”,
reflecting stronger coupling between S1 and S2. As a result, we
can achieve a situation in which the critical current of the
hybrid structure in one direction is substantially renormalized.
For instance, we can observe that  is defined rather by the left
maximum of I(q) at L = ξ, while  remains approximately at
the same value. Stronger coupling between the supercon-
ducting regions leads to a more complicated supercurrent densi-
ty distribution across the hybrid structure (see Figure 2d). Ob-
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Figure 2: Supercurrent I as a function of q at h1 = h2 = 0.25 (a) and at h1 = −0.1, h2 = 0.25 (b). The lower panels illustrate the current density distribu-
tions at different q corresponding to the upper panels for L = ξ.

taining such nontrivial behavior of I(q) is the key idea behind
achieving a larger diode efficiency η. It should be emphasized
that a similar behavior is expected in Rashba superconductors,
where the Fermi surface is represented by the two helical bands
with the opposite helicities [24-26]. Here, we clearly consider a
single-helical-band Fermi surface. However, we can have S1
and S2 with the opposite h1 and h2 in our system as illustrated in
Figure 1, which may be thought of as an effective two-helical-
bands system.

The diode efficiency can be defined in a standard way, as

(15)

In Figure 3, the diode efficiency along with the critical currents
is demonstrated as a function of H1, while H2 is fixed at
H2 = 0.25. We observe several characteristic features of η be-
havior. First, the diode efficiency is quite low at large positive
values of H1, remaining under 5% at H1 = 0.1. This is anticipat-

ed behavior of the diodes with single helical band in the diffu-
sive limit [37,50,86]. As H1 decreases, the diode efficiency rises
to a certain value, and then η changes its sign rapidly reaching
the maximum value. At the point when the diode changes its
polarity, there is a transition from S1 to S2 in their contribution
to the critical currents. We assume that in the vicinity of η = 0,
the superconducting regions S1 and S2 strongly compete with
each other since, individually, they have opposite efficiencies
because H1 and H2 are of the opposite signs. We might say that,
at a certain value of H1, the critical currents  and  of the
total system are predominantly determined by S1 and S2, that is,
the supercurrent mostly passes through one of the supercon-
ducting regions in the opposite directions. To better demon-
strate this point, we plot the supercurrent density distribution
(Figure 4) for values of q that correspond to the critical current
momenta at H1 = −0.1, H2 = 0.25, and L = ξ. It can be seen that
a larger proportion of the current density is concentrated at the
corresponding superconducting region; at qξ = 0.35, Jy is signif-
icantly larger at S1, while at qξ = −0.58, it is mainly at S2.
Another important observation from Figure 3 is that the sign
change of the diode efficiency occurs at lower values of the crit-
ical currents. This means that higher diode efficiencies due to
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Figure 3: Critical supercurrents  and  (right vertical scale) and diode efficiency η (left vertical scale) as functions of H1 for L = ξ. Left and right
plots correspond to γB1 = γB2 = 0.4 and γB1 = γB2 = 0.2, respectively. The critical currents’ scale is in units of 2e/πkTcσnξ.

the competition of S1 and S2 take place in a substantially
suppressed superconducting state. Finally, we can see how the
interface transparency affects η. Higher transparency can
increase the efficiency up to 40%, however at smaller critical
currents.

Figure 4: Supercurrent density Jy at qξ = −0.58 (black line) and
qξ = 0.35 (red line) calculated at L = ξ. All other parameters are the
same as in Figure 3.

The interface transparency γB is an important parameter of the
system, which, in principle, can be used as a tuning parameter
in the experiment. Control of this parameter may be achieved
by applying the gating voltage at the interface. We provide
more detailed analysis of the interface transparency impact on
the diode effect in Figure 5. We notice that the highest effi-

ciency is achieved at smaller γB = 0.2 for L = ξ. However, this
is not the general trend as we see from the plots. For instance,
the highest η is realized at γB = 0.5 for L = 4ξ. Hence, there
exists an optimal value of the interface transparency for the
highest efficiency. It is also important to emphasize that the
exchange field H1 at which the “major” sign change of η occurs
shifts towards larger values as γB decreases. This means that the
polarity of the diode can be altered via the control of the inter-
face transparency, which cannot be achieved in a diffusive
single-helical-band superconducting diode [37]. Finally, we
observe repeated sign-changing behavior of the quality factor in
Figure 5. This may reflect the competitive nature of the S1 and
S2 behavior in the nonreciprocal supercurrent.

Conclusion
We have examined the superconducting diode effect in a
F/S/TI/S/F hybrid structure. It has been shown that, under the
condition that the exchange fields of the ferromagnetic regions
are opposite, the diode efficiency can be dramatically increased.
Such improvement can be explained in terms of the competi-
tive behavior of the superconducting regions with single helical
bands. The obtained results can be useful for achieving highly
efficient superconducting diodes in the absence of an external
magnetic field. Moreover, the sign of the diode efficiency can
be changed as a function of the interface transparency.

As a direction for further studies, one could investigate the
Josephson diode effect in the hybrid structure considered in this
paper. In this case, the nonreciprocity is achieved in the
Josephson critical current.
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Figure 5: Superconducting diode efficiency η calculated at different interface transparencies γB. Plot (a) corresponds to γB1 = γB2 = 0.5,
(b) γB1 = γB2 = 0.4, (c) γB1 = γB2 = 0.3, and (d) γB1 = γB2 = 0.2.
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Abstract
We present a comprehensive microscopic study of the intermediate mixed state in superconductors of the intertype (IT) regime
separating types I and II. Using fully self-consistent Bogoliubov–de Gennes calculations for a lattice model, we analyze few-vortex
configurations across the entire temperature range 0 < T < Tc. Our results demonstrate the key features of IT superconductivity,
namely, nonmonotonic vortex interactions and formation of vortex clusters. Using results of the calculations, we construct a “tem-
perature–coupling” phase diagram that delineates distinct superconducting regimes and shows their convergence at a single Bogo-
molnyi point, consistent with earlier predictions of extended Ginzburg–Landau theory. Additionally, we identify a deep IT region of
irregular vortex configurations apparently dominated by many-body vortex effects. The results establish a fully microscopic foun-
dation for the IT superconductivity and extend its description beyond the vicinity of the critical temperature.
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Introduction
The magnetic response of superconductors has long served as a
fundamental criterion for their classification into distinct types.
Traditionally, two types are recognized, namely, type I, in
which magnetic fields are completely expelled from the materi-
al (the Meissner state), and type II, with magnetic flux penetra-
tion in the form of quantized vortices forming a mixed state
[1-3]. Within the Ginzburg–Landau (GL) framework, the
boundary between these regimes is determined by the GL pa-
rameter κ = λL/ξGL, where λL is the magnetic London penetra-
tion depth and ξGL is Ginsburg–Landau coherence length, with

the critical value  separating type-I (κ < κ0) and
type-II (κ > κ0) behavior [4].

However, experimental studies have shown that this traditional
dichotomy is incomplete even for superconductors with a single
gap function (single-band superconductors). In materials with
κGL close to κ0, the magnetic flux penetrates the sample in com-
plex, irregular patterns that cannot be attributed to type-I or
type-II behavior [5-16]. These patterns are referred to as inter-
mediate mixed state (IMS) and are characterized by the coexis-
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tence of Meissner domains and vortex clusters, chains, or frag-
mented lattices.

Initially referred to as type II/1 superconductivity [14], this
regime has since been understood as a manifestation of a more
general intertype (IT) superconductivity [17-20], which funda-
mentally extends the conventional classification. The physics of
IT superconductivity is closely related to the infinite degen-
eracy of the superconducting state at the so-called Bogomolnyi
(ℬ) point (κ0, Tc) with Tc being the critical temperature [21,22].
At this point, the surface energy between the superconducting
and normal phases vanishes, allowing for a continuum of
flux–condensate configurations with equal energy. Deviations
from the ℬ point lift this degeneracy, creating a finite IT
domain in the (κ, T) phase diagram [17,23,24]. Within this
domain, the system supports a variety of states with close ener-
gies that feature nonuniform flux distributions and complex
vortex arrangements.

Based on the perturbation expansion of the BCS theory, also re-
ferred to as the extended Ginzburg-Landau (EGL) formalism
[23-25], it has been demonstrated that the emergence of IT be-
havior is a universal phenomenon and occurs in both single- and
multiband superconductors [17]. One of its key features is
nonmonotonic vortex–vortex interactions, which are attractive
at long and repulsive at short ranges [14]. The long-range
attraction destabilizes the regular Abrikosov lattice, promoting
the formation of vortex clusters. Subsequent studies have also
highlighted the important role of many-vortex effects, which
extend beyond simple pairwise interactions and decisively
shape IMS vortex configurations [26,27].

Despite the long-standing experimental evidence and theoreti-
cal efforts, IT superconductivity remains insufficiently
explored. This gap arises from the limitations of perturbative
approaches, which are strictly valid only in the vicinity of ℬ
close to Tc. Although higher-order expansions of the BCS
theory beyond the GL level successfully describe certain fea-
tures of the IMS, a fully microscopic description applicable
across the entire temperature range has been lacking until now.
Recent zero-temperature calculations within the Bogoliubov–de
Gennes (BdG) framework [1] have demonstrated IT behavior
by studying few-vortex configurations, revealing the coexis-
tence of repulsion and attraction that leads to vortex clustering
[28].

In this work, we extend these microscopic BdG calculations to
the entire temperature range 0 < T < Tc and investigate the
evolution of few-vortex states as the system changes between
type-I and type-II regimes. Our results show that the key quali-
tative features of the IT superconductivity persist throughout

this range; however, the IT domain gradually narrows as the
temperature increases, shrinking to a single point at Tc. Based
on these findings, we construct a phase diagram of the IT
regime, which appears qualitatively consistent with that ob-
tained earlier from perturbation theory for the conventional
BCS model with a spherical Fermi surface.

Results and Discussion
Model and method
The vortex configurations are analyzed within a microscopic
lattice model of a superconductor described by the attractive
Hubbard Hamiltonian:

(1)

where  ( ) are the annihilation (creation) operator for an
electron with spin σ at site i,  is the electron number
operator, tij = −t is the nearest-neighbor hopping amplitude, and
g > 0 denotes the onsite attraction strength. An external mag-
netic field is incorporated via the Peierls substitution in the
hopping matrix elements as

(2)

where A(r) is the vector potential associated with the magnetic
field B = ∇ × A.

Within the mean-field approximation, the superconducting state
is determined by solving the BdG equations [1,29]:

(3)

where ui and vi are the particle and hole components of the
quasiparticle wave function, and μ is the chemical potential.
The superconducting gap Δi and Hartree–Fock potential Ui are
obtained self-consistently from

(4)
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where n labels the BdG eigenstates, and f(E) is the Fermi–Dirac
distribution function. The electron density

is kept constant at ne = 0.25 throughout all calculations by
adjusting the chemical potential μ. Notice that the system is
well away from the resonance at ne = 1 and, at the chosen value,
the electronic dispersion is well approximated by a quadratic
dependence.

The BdG equations are coupled self-consistently to the magnet-
ic field through the Ampère–Maxwell law, expressed in the
Biot–Savart form for the induced vector potential Aind:

(5)

The total vector potential is A = A0 + Aind, where A0 corre-
sponds to the uniform external field. The current density j,
defined on the links between neighboring sites i and j, is given
by

(6)

where the Peierls phase in tij ensures coupling to the magnetic
field. The coupled system of Equation 3–Equation 6 is solved
self-consistently using an iterative algorithm developed in
[28,30].

The calculations are performed for a 3D slab geometry, finite in
the xy-plane with size N × N and infinite along the z-axis. The
magnetic field B = (0,0,B) is applied along the z-axis, rendering
the problem effectively 2D, except for the Biot–Savart equation
(Equation 5), where the integral remains 3D.

In the calculations we set u,v = 0 at the boundaries of the system
often referred to as “open boundary conditions”. We consider a
sample with the relatively small linear size of N = 31 due to the
high computational cost of achieving convergence with respect
to both the superconducting gap and the magnetic field. Howev-
er, this length exceeds the characteristic superconducting coher-
ence length, which limits the influence of the finite-size effects.
The electron density along z is absorbed into the parameters of
the BdG and Biot–Savart equations. All energies are expressed
in units of the hopping amplitude t, and lengths are measured in
units of the lattice constant a.

To identify the superconductivity type, we analyze vortex con-
figurations obtained from self-consistent microscopic calcula-
tions. We focus on configurations containing three vortices,
which is sufficient to capture both vortex clustering and multi-
vortex (many-body) interaction effects while remaining compu-
tationally feasible.

Vortex configurations
The results of these calculations are presented in Figure 1 and
Figure 2, which display the minimal-energy three-vortex con-
figurations for representative values of the pairing constant g
and temperature T. The variation of g and T modifies both the
coherence length ξ and the magnetic penetration depth λ, and
hence their ratio κ = λ/ξ, which determines the superconduc-
tivity type. Within the GL theory, ξ and λ share the same tem-
perature dependence, ξ,λ ∝ (1 − T/Tc)−1/2, making the supercon-
ductivity type temperature-independent. In contrast, micro-
scopic theory allows for distinct temperature dependencies of
these characteristic lengths, so the type of superconductivity
may vary with T. This effect is clearly visible in both Figure 1
and Figure 2.

Figure 1: Spatial profile of the magnetic field inside the sample for the
IT/2 regime, showing three-vortex configurations computed for pairing
constants g = 3.2, 3.6, and 4.0 at temperatures T/Tc = 0.1, 0.7, and
0.9, respectively. The external magnetic field is defined as H = 3Φ0/N2

where Φ0 denotes the superconducting flux quantum.

At strong coupling (g = 4.0) and high temperature (T = 0.9Tc),
vortices form an equilateral triangle with maximal inter-vortex
separation, which is typical for type-II superconductivity. As
the temperature decreases to T = 0.1Tc, the triangular arrange-
ment persists, but the inter-vortex distance shrinks, indicating
the appearance of a minimum in the vortex–vortex interaction
potential. This behavior indicates the coexistence of long-range
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Figure 2: Spatial profile of the magnetic field inside the sample for the
IT/1 regime, showing three-vortex configurations computed for pairing
constants g = 2.0, 2.4, and 2.8 at temperatures T/Tc = 0.1, 0.5, and
0.9, respectively. The external magnetic field is defined as H = 3Φ0/N2,
where Φ0 denotes the superconducting flux quantum.

attraction with short-range repulsion, which is characteristic of
the IT superconductivity regime.

At weaker coupling (g = 3.2), the system exhibits type-I behav-
ior at high temperature: The three vortices merge into a single
giant vortex at T = 0.9Tc. As T decreases, this giant vortex
splits, eventually forming a compact cluster of three vortices at
T = 0.1Tc, signaling a crossover from type-I to IT superconduc-
tivity. Notably, at T = 0.1Tc, the vortices again arrange into an
equilateral triangle.

The case g = 3.6, shown in the middle row of Figure 1, corre-
sponds to the boundary between the two different IT regimes. In
this case, vortices form an equilateral triangle, revealing the IT
character of the vortex state at all the temperatures considered.
However, the inter-vortex separation is smaller than that for the
type-II regime (g = 4.0, T = 0.9Tc), which is consistent with the
crossover behavior. Therefore, the high-temperature results
(T = 0.9Tc) clearly demonstrate how decreasing g drives the
system from type-II to type-I superconductivity: Isolated
Abrikosov vortices gradually merge into a giant vortex also re-
ferred to as lamella.

Figure 2 shows results for lower coupling values (g = 2.0–2.8),
where the system approaches the type-I superconductivity
regime. At high temperature (T = 0.9Tc), vortices coalesce into
a giant vortex for all g in this interval. For the weakest coupling
(g = 2.0), the system remains in the type-I regime at all temper-
atures. Increasing g induces a transition from type-I to IT be-

havior upon cooling, manifested by the splitting of the giant
vortex into single Abrikosov vortices. In this case, however, the
vortex configuration becomes asymmetric: Two vortices are
closer together than the third. Similar asymmetric arrangements
have been previously reported in zero-temperature calculations
[30] and have been attributed to enhanced effects of many-body
interaction.

Phase diagram
The complete set of calculations for all values of g and T is
summarized in the phase diagram shown in Figure 3. The
diagram reveals three distinct regimes, namely, conventional
type-I and type-II superconductivity and the IT regime, where
Abrikosov vortices form nonstandard configurations.

Figure 3: Temperature–coupling (T–g) phase diagram of vortex matter
showing the transition from type I to type II via the IT superconducting
regime. The IT type is subdivided into the IT/2 regime with the pair-
wise vortex interaction and the IT/1 regime with the many-body contri-
bution to the vortex interaction. The thin dashed line separates the
“Deep IT” region characterized by significant many-body interaction of
vortices.

The phase diagram shows that the IT regime occupies a larger
interval of coupling values g at smaller temperatures so that, at
T = 0, this interval is widest. It narrows as temperature in-
creases, disappearing in the limit T→Tc, where all three super-
conductivity types, type I, type II, and IT, meet at a single point.
This critical point has previously been discussed within the
EGL expansion of BCS theory and is called the ℬ point, at
which the GL parameter takes the value κ = κ0. In this work, the
ℬ point corresponds to g = 3.6, which is indicated as the “equi-
librium” line in Figure 3. For g > 3.6, the system exhibits a
crossover between the type-II and IT regimes, while, for
g < 3.6, the crossover is between the type-I and IT regimes.
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The phase diagram in Figure 3 closely resembles that obtained
within the EGL formalism in the κ–T-plane, where the GL
parameter κ is related to the coupling strength g. The sequence
of regimes, type I→IT→type II, persists at all temperatures.
Thus, microscopic calculations reproduce the known topol-
ogy of superconductivity-type transitions and also extend it
beyond the near-Tc regime to the entire temperature interval
0 < T < Tc.

We note that, at lower temperatures ( ), the micro-
scopic results reveal a subdivision within the IT regime: Around
g ≃ 2.8, the vortex structure changes from equilateral triangular
arrangements (IT/2 domain) to irregular, asymmetric configura-
tions (IT/1 domain) indicating the increasing role of many-body
interactions. Similar structural changes were also observed in
perturbative analysis, though they become especially apparent
in the microscopic study of three-vortex configurations
presented here.

Conclusion
This work presents a fully microscopic analysis of the interme-
diate mixed state in IT superconductors between the type-I and
type-II regimes. Using self-consistent Bogoliubov–de Gennes
simulations, we traced the evolution of vortex configurations
throughout the temperature range from zero temperature to criti-
cal temperature Tc.

Our results demonstrate that the characteristic features of the IT
regime, such as nonmonotonic vortex–-vortex interactions and
the emergence of vortex clusters, are not limited to the vicinity
of Tc but persist throughout the entire range of possible temper-
atures. However, the width of the IT interval in terms of the
superconducting coupling strength decreases with increasing
temperature, eventually collapsing to a single point (Bogo-
molnyi point), where type-I and type-II superconductivity
merge.

The phase diagram constructed from the microscopic calcula-
tions provides a unified view of the superconductivity types and
their transitions for any superconducting system, conforming
and extending earlier predictions of the perturbation theory. In
particular, the results confirm the presence of a deep IT region
characterized by complex, non-pairwise vortex interactions that
lead to irregular vortex patterns. This finding emphasizes the
many-body nature of vortex matter in this regime and high-
lights the limitations of simplified models based on pairwise
interaction.

In general, this study establishes a microscopic foundation for
the IT regime in single-band superconductors and clarifies its
persistence and transformation with temperature. These insights

open a path for future investigations of materials tuned near the
Bogomolnyi point, where unconventional vortex structures and
collective effects may play a decisive role in superconducting
behavior and functionality.
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