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Mathematical Formulation 

Non-classical Shell theory 

Within the framework of Gurtin–Murdoch surface/interface elasticity theory, the normal stresses 

𝜎𝑥𝑥 and 𝜎𝜃𝜃 can be written as [1,2-5] 

(S1) 𝜎𝑥𝑥(𝑁,𝑝) = 𝐶11(𝑁,𝑝)휀𝑥𝑥 + 𝐶12(𝑁,𝑝)휀𝜃𝜃 − 𝑒31𝑝�̅�𝑥𝑝 +
𝜐(𝑁,𝑝)𝜎𝑧𝑧(𝑁,𝑝)

1 − 𝜐(𝑁,𝑝)
,

(S2) 𝜎𝜃𝜃(𝑁,𝑝) = 𝐶21(𝑁,𝑝)휀𝑥𝑥 + 𝐶22(𝑁,𝑝)휀𝜃𝜃 − 𝑒32𝑝�̅�𝜃𝑝 +
𝜐(𝑁,𝑝)𝜎𝑧𝑧(𝑁,𝑝)

1 − 𝜐(𝑁,𝑝)
,

(S3) 𝜎𝑥𝜃(𝑁,𝑝) = 𝐶66(𝑁,𝑝)𝛾𝑥𝜃, 

where based on nonclassical continuum model, 𝜎𝑧𝑧 is expressed as following 

(S4) 𝜎𝑧𝑧 =
𝑧

ℎ𝑁𝑛 + ℎ𝑝2
((𝜏0

𝑝𝑠 + 𝜏0
𝑁𝐼)(

𝜕2𝑤

𝜕𝑥2
+
1

𝑅2
𝜕2𝑤

𝜕𝜃2
) − (𝜌𝑝𝑠 + 𝜌𝑁𝐼)

𝜕2𝑤

𝜕𝑡2
), 

In all following formulations, all of the piezoelectric parameters (the materials and geometrical 

parameters) are neglected for first layer and to be zero and all of the materials and geometrical 

parameters of nanoshell in the first layer are similar to the second layer of nanostructure. 

Also all coefficients and phrases of Equations S1–S4 such as nonlinear deflection, displacement 

fields and curvatures, relations of Gurtin–Murdoch surface/interface elasticity theory and etc. can 

be expressed in full detail in [3-5]. 

Governing equations 

In current section, the governing equations and boundary conditions of the MW piezoelectric 

nanostructure are obtained by using the Hamilton principle. The total strain energy considering the 

surface/interface effect is written as: 

(S5

) 

𝜋𝑛 =
1

2
∫ ∫ ∫ 𝜎𝑖𝑗𝑁휀𝑖𝑗

ℎ𝑁

−ℎ𝑁

2𝜋

0

𝐿

0

𝑅𝑑𝑧𝑑𝜃𝑑𝑥 +
1

2
∫ ∫ ∫ (𝜎𝑖𝑗𝑝휀𝑖𝑗 − �̅�𝑧𝑝2𝐷𝑧𝑝)

ℎ𝑁+ℎ𝑝

ℎ𝑁

2𝜋

0

𝐿

0

𝑅𝑑𝑧𝑑𝜃𝑑𝑥 

+
1

2
∫ ∫ (𝜎𝑖𝑗

𝑠2휀𝑖𝑗 − �̅�𝑧𝑝𝐷𝑖
𝑠2)

2𝜋

0

(𝑅 + ℎ𝑁 + ℎ𝑝)
𝐿

0

𝑑𝜃𝑑𝑥 +
1

2
∫ ∫ 𝜎𝑖𝑗

𝑠1휀𝑖𝑗

2𝜋

0

(𝑅−ℎ𝑁)𝑑𝜃𝑑𝑥
𝐿

0

 

=
1

2
∫ ∫ {

𝑁𝑥𝑥𝑛휀𝑥𝑥
0 + 𝑁𝜃𝜃𝑛휀𝜃𝜃

0 + 𝑁𝑥𝜃𝑛𝛾𝑥𝜃
0 +𝑀𝑥𝑥𝑛𝜅𝑥𝑥 +𝑀𝜃𝜃𝑛𝜅𝜃𝜃 +𝑀𝑥𝜃𝑛𝜅𝑥𝜃
+𝜂33�̅�𝑧𝑝

2 ℎ𝑝
}

2𝜋

0

𝐿

0

𝑅𝑛𝑑𝜃𝑑𝑥 

In Equation S5, the forces (𝑁) and moment (𝑀) resultants are defined in reference Hashemi 

Kachapi et al. [5] for SWPENS. And, as explained, all the sentences mentioned in [5] belong to 
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the last wall (in this article, the third wall), which is considered a nanoshell with two piezoelectric 

layers, and in the other walls (in this article, the first and second walls) are not considered 

piezoelectric effects. The kinetic energy of the FC-MWPENS can be written as: 

(S6) 𝑇𝑛 =
1

2
∬𝐼𝑛 ((

𝜕𝑢𝑛
𝜕𝑡
)
2

+ (
𝜕𝑣𝑛
𝜕𝑡
)
2

+ (
𝜕𝑤𝑛
𝜕𝑡

)
2

)𝑅𝑛𝑑𝜃𝑑𝑥
 

where  

 
𝐼𝑛 = ∫ 𝜌𝑁

ℎ𝑁

−ℎ𝑁

𝑑𝑧 + ∫ 𝜌𝑝

−ℎ𝑁

−ℎ𝑁−ℎ𝑝

𝑑𝑧 + ∫ 𝜌𝑝

ℎ𝑁+ℎ𝑝

ℎ𝑁

𝑑𝑧 + 𝜌𝑆,𝐼

= 2𝜌𝑁ℎ𝑁 + 2𝜌𝑝ℎ𝑝 + 2𝜌
𝑝𝑠 + 2𝜌𝑁𝐼 

 

The work done by the surrounded viscoelastic medium including the viscoelastic foundation and 

also the nonlinear van der Waals interaction and the nonlinear electrostatic force for example for 

three walled piezoelectric nano-sensor (TWPENS), respectively, can be expressed as [5-7] 

(S7) 

𝑊𝑣𝑑𝑤 = ∫ ∫ ∫ (𝐶𝑣𝑑𝑤(12)
 𝐿 (𝑤2 − 𝑤1) + 𝐶𝑣𝑑𝑤(12)

 𝑁𝐿 (𝑤2 − 𝑤1)
3)𝑑𝑤1

𝑤1

0

2𝜋

0

𝐿

0

𝑅1𝑑𝜃𝑑𝑥 

+∫ ∫ ∫ (

𝐶𝑣𝑑𝑤(23)
 𝐿 (𝑤3 − 𝑤2) + 𝐶𝑣𝑑𝑤(23)

 𝑁𝐿 (𝑤3 − 𝑤2)
3

−(
𝑅1
𝑅2
) (𝐶𝑣𝑑𝑤(12)

 𝐿 (𝑤2 − 𝑤1) + 𝐶𝑣𝑑𝑤(12)
 𝑁𝐿 (𝑤2 − 𝑤1)

3)
)𝑑𝑤2

𝑤2

0

2𝜋

0

𝑅2𝑑𝜃𝑑𝑥
𝐿

0

 

−∫ ∫ ∫ (
𝑅2
𝑅3
) (𝐶𝑣𝑑𝑤(32)

 𝐿 (𝑤3 − 𝑤2) + 𝐶𝑣𝑑𝑤(32)
 𝑁𝐿 (𝑤3 − 𝑤2)

3)𝑑𝑤3

𝑤3

0

2𝜋

0

𝑅3𝑑𝜃𝑑𝑥
𝐿

0

, 

(S8) 𝑊𝑣𝑚 = −∫ ∫ ∫ (𝐾𝑤𝑤3 − 𝐾𝑝𝛻
2𝑤3 + 𝐶𝑤

𝜕𝑤3
𝜕𝑡
) 𝑑𝑤3𝑅3𝑑𝜃𝑑𝑥

𝑤3

0

2𝜋

0

𝐿

0

, 

(S9) 

𝑊𝑒

= ∫ ∫ ∫
𝜋Υ(𝑉𝐷𝐶 + 𝑉𝐴𝐶cos (𝜔𝑡))

2

√(𝑏2 − 𝑤3)(2𝑅3 + 𝑏3 − 𝑤3) [cosh−1 (1 +
𝑏3 − 𝑤3
𝑅3

)]
2 𝑑𝑤3

𝑤3

0

2𝜋

0

𝑅3𝑑𝜃𝑑𝑥
𝐿

0

, 

 

where all coefficients and phrases of Equations S7–S9 can be seen in [3-5]. Also, the external work 

of the fluid can be written as [8] 

 

(S10) 𝑊𝑓 =
1

2
∫ ∫ 𝐹𝑓𝑙𝑢𝑖𝑑

2𝜋

0

𝑤
𝐿

0

𝑅𝑑𝜃𝑑𝑥 



S4 

=
1

2
∫ ∫

{
 
 
 
 

 
 
 
 

−𝜌𝑓𝐴𝑓

(

 

𝜕2𝑤

𝜕𝑡2
+ 2(𝑉𝐶𝐹 × 𝑉𝑛𝑜−𝑠𝑙𝑖𝑝)

𝜕2𝑤

𝜕𝑥𝜕𝑡

+(𝑉𝐶𝐹 × 𝑉𝑛𝑜−𝑠𝑙𝑖𝑝)
2 𝜕2𝑤

𝜕𝑥2 )

 

+𝜇𝐴𝑓

(

 
 

𝜕3𝑤

𝜕𝑥2𝜕𝑡
+

𝜕3𝑤

𝑅2𝜕𝜃2𝜕𝑡

+(𝑉𝐶𝐹 × 𝑉𝑛𝑜−𝑠𝑙𝑖𝑝)(
𝜕3𝑤

𝜕𝑥3
+

𝜕3𝑤

𝑅2𝜕𝑥𝜕𝜃2
)
)

 
 

}
 
 
 
 

 
 
 
 

2𝜋

0

𝑤
𝐿

0

𝑅𝑑𝜃𝑑𝑥
 

 

By applying of following Hamilton’s principle 

(S11) ∫ (𝛿𝑇𝑛 − 𝛿𝜋𝑛 + 𝛿𝑤𝑣𝑚 + 𝛿𝑤𝑣𝑑𝑤 + 𝛿𝑤𝑒 + 𝛿𝑤𝑓)𝑑𝑡 = 0,
𝑡

0

 

and substituting Equations S5–S10 into Equation S11, the governing equations of motion and 

boundary conditions for FC-TWPENS respectively are obtained as follows: 

(S12) 𝛿𝑢𝑛 :    
𝜕𝑁𝑥𝑛
𝜕𝑥

+
1

𝑅𝑛

𝜕𝑁𝑥𝜃𝑛
𝜕𝜃

= 𝐼𝑛
𝜕2𝑢𝑛
𝜕𝑡2

, 

(S13) 𝛿𝑣𝑛 :    
𝜕𝑁𝑥𝜃𝑛
𝜕𝑥

+
1

𝑅𝑛

𝜕𝑁𝜃𝑛
𝜕𝜃

= 𝐼𝑛
𝜕2𝑣𝑛
𝜕𝑡2

, 

(S14) 

𝛿𝑤𝑛 :    
𝜕2𝑀𝑥𝑛

𝜕𝑥2
+
2

𝑅𝑛

𝜕2𝑀𝑥𝜃𝑛

𝜕𝑥𝜕𝜃
+
1

𝑅𝑛2
𝜕2𝑀𝜃𝑛

𝜕𝜃2
−
𝑁𝜃𝑛
𝑅𝑛

+ 𝑁𝑥𝑛
𝜕2𝑤𝑛
𝜕𝑥2

+
𝜕𝑁𝑥𝑛
𝜕𝑥

𝜕𝑤𝑛
𝜕𝑥

+
𝑁𝜃𝑛
𝑅𝑛2

𝜕2𝑤𝑛
𝜕𝜃2

 

+
1

𝑅𝑛2
𝜕𝑁𝜃𝑛
𝜕𝜃

𝜕𝑤𝑛
𝜕𝜃

+
2

𝑅𝑛
𝑁𝑥𝜃𝑛

𝜕2𝑤𝑛
𝜕𝑥𝜕𝜃

+
1

𝑅𝑛
 
𝜕𝑁𝑥𝜃𝑛
𝜕𝑥

𝜕𝑤𝑛
𝜕𝜃

+
1

𝑅𝑛

𝜕𝑁𝑥𝜃𝑛
𝜕𝜃

𝜕𝑤𝑛
𝜕𝑥

= 𝐼𝑛
𝜕2𝑤𝑛
𝜕𝑡2

+ 𝑆𝑛 

−
𝜋Υ(𝑉𝐷𝐶 + 𝑉𝐴𝐶cos (𝜔𝑡))

2

√(𝑏2 − 𝑤2)(2𝑅2 + 𝑏2 − 𝑤2) [cosh−1 (1 +
𝑏2 − 𝑤2
𝑅2

)]
2, 

where 𝑆𝑛 for the inner and outer layer, respectively, are:  

(S15) 𝑆1 = −(𝐶𝑣𝑑𝑤(12)
 𝐿 (𝑤2 − 𝑤1) + 𝐶𝑣𝑑𝑤(12)

 𝑁𝐿 (𝑤2 − 𝑤1)
3),) 

(S16) 𝑆2 = (

−𝐶𝑣𝑑𝑤(23)
 𝐿 (𝑤3 − 𝑤2) − 𝐶𝑣𝑑𝑤(23)

 𝑁𝐿 (𝑤3 − 𝑤2)
3

+(
𝑅1
𝑅2
) (𝐶𝑣𝑑𝑤(12)

 𝐿 (𝑤2 − 𝑤1) + 𝐶𝑣𝑑𝑤(12)
 𝑁𝐿 (𝑤2 −𝑤1)

3)
) 
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(S17) 𝑆3 =

(

 
(
𝑅2
𝑅3
) (𝐶𝑣𝑑𝑤(32)

 𝐿 (𝑤3 −𝑤2) + 𝐶𝑣𝑑𝑤(32)
 𝑁𝐿 (𝑤3 − 𝑤2)

3)

+𝐾𝑤𝑤3 − 𝐾𝑝∇
2𝑤3 + 𝐶𝑤

𝜕𝑤3
𝜕𝑡 )

  

and boundary conditions are obtained as follows: 

(S18) 𝛿𝑢𝑛 = 0     𝑜𝑟        𝑁𝑥𝑛𝑛𝑥 +
1

𝑅𝑛
𝑁𝑥𝜃𝑛𝑛𝜃 = 0, 

(S19) 𝛿𝑣𝑛 = 0     𝑜𝑟        𝑁𝑥𝜃𝑛𝑛𝑥 +
1

𝑅𝑛
𝑁𝜃𝑛𝑛𝜃 = 0, 

(S20) 

𝛿𝑤𝑛 = 0    𝑜𝑟     (
𝜕𝑀𝑥𝑛

𝜕𝑥
+
1

𝑅𝑛

𝜕𝑀𝑥𝜃𝑛

𝜕𝜃
+ 𝑁𝑥𝑥

𝜕𝑤𝑛
𝜕𝑥

+
𝑁𝑥𝜃
𝑅𝑛

𝜕𝑤𝑛
𝜕𝜃

) 𝑛𝑥 

+(
1

𝑅𝑛

𝜕𝑀𝑥𝜃𝑛

𝜕𝑥
+
1

𝑅𝑛2
𝜕𝑀𝜃𝑛

𝜕𝜃
+
𝑁𝑥𝜃𝑛
𝑅𝑛

𝜕𝑤𝑛
𝜕𝑥

+
𝑁𝜃𝑛
𝑅𝑛2

𝜕𝑤𝑛
𝜕𝜃

) 𝑛𝜃 = 0, 

(S21) 

𝜕𝑤𝑛
𝜕𝑥

= 0     𝑜𝑟        𝑀𝑥𝑛𝑛𝑥 +
1

𝑅𝑛
𝑀𝑥𝜃𝑛𝑛𝜃 = 0,

 

(S22) 

𝜕𝑤𝑛
𝜕𝜃

= 0     𝑜𝑟        
1

𝑅𝑛
𝑀𝑥𝜃𝑛𝑛𝑥 +

1

𝑅𝑛2
𝑀𝜃𝑛𝑛𝜃 = 0,

 

The following dimensional parameters are also used to dimensionless equations of motion and 

boundary conditions. 

(S23) 

�̅�𝑛 =
𝑢𝑛
ℎ𝑁𝑛

, �̅�𝑛 =
𝑣𝑛
ℎ𝑁𝑛

, �̅�𝑛 =
𝑤𝑛
ℎ𝑁𝑛

, 𝜉𝑛 =
𝑥𝑛
𝐿
, �̅�𝑛 =

𝑏𝑛
𝐿
, �̅�𝑖𝑗𝑁𝑛 =

𝐴𝑖𝑗𝑁𝑛

𝐴11𝑁𝑛
, �̅�𝑖𝑗𝑁𝑛

=
𝐵𝑖𝑗𝑁𝑛

𝐴11𝑁𝑛ℎ𝑁𝑛
, 

�̅�𝑖𝑗𝑁𝑛 =
𝐷𝑖𝑗𝑁𝑛

𝐴11𝑁𝑛ℎ𝑁𝑛
2 , �̅�𝑖𝑗𝑝𝑛 =

𝐴𝑖𝑗𝑝𝑛

𝐴11𝑁𝑛
, �̅�𝑖𝑗𝑛

∗ =
𝐴𝑖𝑗𝑛
∗

𝐴11𝑁𝑛
, �̅�𝑖𝑗𝑝𝑛 =

𝐵𝑖𝑗𝑝𝑛

𝐴11𝑁𝑛ℎ𝑁𝑛
, �̅�𝑖𝑗𝑛

∗

=
𝐵𝑖𝑗𝑛
∗

𝐴11𝑁𝑛ℎ𝑁𝑛
, 

�̅�𝑖𝑗𝑝𝑛 =
𝐷𝑖𝑗𝑝𝑛

𝐴11𝑁𝑛ℎ𝑁𝑛
2 , �̅�𝑖𝑗𝑛

∗ =
𝐷𝑖𝑗𝑛
∗

𝐴11𝑁𝑛ℎ𝑁𝑛
2  , �̅�11𝑁𝑛

∗ =
𝐹11𝑁𝑛
∗

𝐴11𝑁𝑛ℎ𝑁𝑛
, �̅�11𝑝𝑛

∗ =
𝐹11𝑝𝑛
∗

𝐴11𝑁𝑛ℎ𝑁𝑛
, 

�̅�11𝑁𝑛
∗ =

𝐸11𝑁𝑛
∗

𝐴11𝑁𝑛ℎ𝑁𝑛
2 , �̅�11𝑝𝑛

∗ =
𝐸11𝑝𝑛
∗

𝐴11𝑁𝑛ℎ𝑁𝑛
2 , 𝐽1̅1𝑁𝑛

∗ =
𝐽11𝑁𝑛
∗

𝜌𝑁𝑛ℎ𝑁𝑛
2 , 𝐽11𝑝𝑛

∗ =
𝐽11𝑝𝑛
∗

𝜌𝑁𝑛ℎ𝑁𝑛
2 , 

�̅�11𝑁𝑛
∗ =

𝐺11𝑁𝑛
∗

𝜌𝑁𝑛ℎ𝑁𝑛
3 , 𝐺11𝑝𝑛

∗ =
𝐺11𝑝𝑛
∗

𝜌𝑁𝑛ℎ𝑁𝑛
3 , �̅�𝑥𝑝𝑛

∗ =
𝑁𝑥𝑝𝑛
∗ 𝑉0

𝐴11𝑁𝑛
, �̅�𝜃𝑝𝑛

∗ =
𝑁𝜃𝑝𝑛
∗ 𝑉0

𝐴11𝑁𝑛
, �̅�𝑥𝑝𝑛

∗

=
𝑀𝑥𝑝𝑛
∗ 𝑉0

𝐴11𝑁𝑛ℎ𝑁𝑛
, 
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�̅�𝜃𝑝𝑛
∗ =

𝑀𝜃𝑝𝑛
∗ 𝑉0

𝐴11𝑁𝑛ℎ𝑁𝑛
, 𝜏0̅
𝑠𝑛 =

𝜏0
𝑠𝑛

𝐴11𝑁𝑛
, �̅�𝑛 =

𝑅𝑛
𝐿
,𝑚0𝑛 =

𝐿

𝑅𝑛
, 𝑚1𝑛 =

𝐿

ℎ𝑁𝑛
, 𝑚2𝑛 =

ℎ𝑁𝑛
𝑅𝑛

= ℎ̅𝑁𝑛 , 

ℎ̅𝑝𝑛 =
ℎ𝑝𝑛

𝑅𝑛
, 𝑚3𝑛 =

𝐼𝑛
2𝜌𝑁𝑛ℎ𝑁𝑛

, 𝑚4𝑛 =
ℎ𝑝𝑛

ℎ𝑁𝑛
 , Ωn = √

𝐴11𝑁𝑛
2𝜌𝑁𝑛ℎ𝑁𝑛𝐿2

, 𝜏𝑛 = Ωn𝑡𝑛, �̅�𝑛 =
𝜔𝑛
Ωn
, 

�̅�𝑤 =
𝐾𝑤𝐿

2

𝑚3𝐴11𝑁
, �̅�𝑝 =

𝐾𝑝

𝑚3𝐴11𝑁
, 𝐶�̅�2 =

𝐶𝑤Ω𝐿
2

𝑚3𝑛𝐴11𝑁𝑛
, 𝐶�̅�𝑑𝑤𝑛

 𝐿 =
𝐶𝑣𝑑𝑤𝑛
 𝐿 𝐿2

𝑚3𝑛𝐴11𝑁𝑛
, 

𝐶�̅�𝑑𝑤𝑛
 𝑁𝐿 =

𝐶𝑣𝑑𝑤𝑛
 𝑁𝐿 𝐿2ℎ𝑁𝑛

2

𝑚3𝑛𝐴11𝑁𝑛
, �̅�𝑓 =

𝜌𝑓

𝑚3𝜌𝑁
, �̅�𝑓 = (𝑉𝐶𝐹 × 𝑉𝑛𝑜−𝑠𝑙𝑖𝑝)√

2𝜌𝑁ℎ𝑁
𝐴11𝑁

, 

 �̅�𝑓 =
𝜇𝑓

𝑚3

√
2ℎ𝑁

𝜌𝑁𝐴11𝑁𝐿2
, �̅�𝐷𝐶 =

𝑉𝐷𝐶
𝑉0

, �̅�𝑝2 =
𝑉𝑝2

𝑉0
, �̅�𝑒 =

𝜋𝑚1
2𝑉0

2Υ

𝑚3𝐴11𝑁
, 

In current study, the electrostatic force Equation S9 can be expressed as a polynomial form that is 

solved by nonlinear curve-fitting problem of lsqcurvefit function in Matlab Toolbox using least-

squares. Therefore, the dimensionless electrostatic work can be written as follows [5]: 

 

(S24) 𝑊𝑒 = ∫ ∫ ∫ �̅�𝑒(�̅�𝐷𝐶 + �̅�𝐴𝐶 cos(�̅�𝜏))
2 (
𝐶1̅ + 𝐶2̅�̅�3 + 𝐶3̅�̅�3

2

+⋯+ 𝐶�̅��̅�3
𝑛−1 )

�̅�3

0

𝑑�̅�3

2𝜋

0

𝐿

0

�̅�3𝑑𝜃𝑑𝜉
 

 

Solution procedure 

By using the following shear deformation and displacement in the assumed mode method [3-5] 

(S25) 

[

𝑢𝑛(𝑥, 𝜃, 𝑡)

𝑣𝑛(𝑥, 𝜃, 𝑡)

𝑤𝑛(𝑥, 𝜃, 𝑡)
] = ∑∑[

[𝑢𝑚,𝑗,𝑐(𝜏) cos(𝑗𝜃) + 𝑢𝑚,𝑗,𝑠(𝜏) sin(𝑗𝜃)]𝜒𝑚𝑗(𝜉)

[𝑣𝑚,𝑗,𝑐(𝜏) sin(𝑗𝜃) + 𝑣𝑚,𝑗,𝑠(𝜏) cos(𝑗𝜃)]𝜙𝑚𝑗(𝜉)

[𝑤𝑚,𝑗,𝑐(𝜏) cos(𝑗𝜃) + 𝑤𝑚,𝑗,𝑠(𝜏) sin(𝑗𝜃)]𝛽𝑚𝑗(𝜉)

]

𝑁

𝑗=1

𝑀1

𝑚=1

 

+∑ [

𝑢𝑚,0(𝜏)𝜒𝑚0(𝜉)

𝑣𝑚,0(𝜏)𝜙𝑚0(𝜉)

𝑤𝑚,0(𝜏)𝛽𝑚0(𝜉)

]

𝑀2

𝑚=1

= ∑ [

𝑢𝑛𝑖(𝜏)𝜒𝑛𝑖(𝜉)𝜗𝑛𝑖(𝜃)

𝑣𝑛𝑟(𝜏)𝜙𝑛𝑟(𝜉)𝛼𝑛𝑟(𝜃)

𝑤𝑛𝑠(𝜏)𝛽𝑛𝑠(𝜉)𝜓𝑛𝑠(𝜃)

] ,

𝑀2+𝑀1×𝑁

(𝑖,𝑟,𝑠)=1

 

And using dimensionless strain and kinetic energies Equations S5 and S6 and dimensionless 

applied works Equations S7–S10 and substituting of the Lagrange–Euler equations, the following 

reduced-order model of the nonlinear equations of motion are obtained: 

(S26) 
[(𝑀)𝑢

𝑢]𝑛{�̈̅�𝑛} + [(𝑀)𝑢
𝑤]𝑛{�̈̅�𝑛} + [(𝐾)𝑢

𝑢]𝑛{�̅�𝑛} + [(𝐾)𝑢
𝑣 ]𝑛{�̅�𝑛} + [(𝐾)𝑢

𝑤]𝑛{�̅�𝑛} 

+[(𝑁𝐿)𝑢
𝑤]𝑛{�̅�𝑛

2} = �̅�𝑢𝑛, 
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(S27) 
[(𝑀)𝑣

𝑣]𝑛{�̈̅�𝑛} + [(𝑀)𝑣
𝑤]𝑛{�̈̅�𝑛} + [(𝐾)𝑣

𝑣]𝑛{�̅�𝑛} + [(𝐾)𝑣
𝑢]𝑛{�̅�𝑛} + [(𝐾)𝑣

𝑤]𝑛{�̅�𝑛} 

+[(𝑁𝐿)𝑣
𝑤]𝑛]{�̅�𝑛

2} = �̅�𝑣𝑛, 

(S28) [[(𝑀)𝑤
𝑤]𝑛 + [(𝐾)𝑤2

�̈� ]
𝑛
{�̅�𝑛}] {�̈̅�𝑛} + [(𝑐)𝑤

𝑤]{�̇̅�𝑛} + [(𝐾)𝑤
𝑢 ]𝑛{�̅�𝑛} + [(𝐾)𝑤

𝑣 ]𝑛{�̅�𝑛} 

+[[(𝐾)𝑤
𝑤]𝑛 − �̅�𝑒2(𝐾𝑒)𝑤

𝑤]{�̅�𝑛} 

+(−1)𝑛𝑞1 (
�̅�𝑛−1

�̅�𝑛
)

𝑚1

𝐶̅𝑣𝑑𝑤((𝑛−1)𝑛)
 𝐿 ([(𝐾)𝑤1𝑛

𝑣𝑑𝑤]{�̅�𝑛} − [(𝐾)𝑤2𝑛
𝑣𝑑𝑤]{�̅�𝑛−1}) 

+(−1)𝑛𝑞2 (
�̅�𝑛

�̅�𝑛+1
)

𝑚2

𝐶̅𝑣𝑑𝑤(𝑛(𝑛+1))
 𝐿 ([(𝐾)𝑤3𝑛

𝑣𝑑𝑤]{�̅�𝑛+1} − [(𝐾)𝑤4𝑛
𝑣𝑑𝑤]{�̅�𝑛}) 

+(−1)𝑛𝑞1 (
�̅�𝑛−1

�̅�𝑛
)

𝑚1

(𝐶̅𝑣𝑑𝑤((𝑛−1)𝑛)
 𝑁𝐿 ) (

[(𝑁𝐿)𝑤1𝑛
𝑣𝑑𝑤]�̅�𝑛

3 − 3[(𝑁𝐿)𝑤2𝑛
𝑣𝑑𝑤]�̅�𝑛

2�̅�𝑛−1
+3[(𝑁𝐿)𝑤3𝑛

𝑣𝑑𝑤]�̅�𝑛�̅�𝑛−1
2 − [(𝑁𝐿)𝑤4𝑛

𝑣𝑑𝑤]�̅�𝑛−1
3 ) 

+(−1)𝑛𝑞2 (
�̅�𝑛

�̅�𝑛+1
)

𝑚2

(𝐶̅𝑣𝑑𝑤(𝑛(𝑛+1))
 𝑁𝐿 ) (

[(𝑁𝐿)𝑤5𝑛
𝑣𝑑𝑤]�̅�𝑛+1

3 − 3[(𝑁𝐿)𝑤6𝑛
𝑣𝑑𝑤]�̅�𝑛+1

2 �̅�𝑛

+3[(𝑁𝐿)𝑤7𝑛
𝑣𝑑𝑤]�̅�𝑛+1�̅�𝑛

2 − [(𝑁𝐿)𝑤8𝑛
𝑣𝑑𝑤]�̅�𝑛

3
) 

+[(𝑁𝐿)𝑤
𝑢 ]{�̅�𝑛�̅�𝑛} + [(𝑁𝐿)𝑤

𝑣 ]{�̅�𝑛�̅�𝑛} + [(𝑁𝐿)𝑤2
𝑤 − �̅�𝑒3(𝑁𝐿2𝑒)𝑤

𝑤]{�̅�𝑛
2} 

+[(𝑁𝐿)𝑤3
𝑤 − �̅�𝑒4(𝑁𝐿3𝑒)𝑤

𝑤]{�̅�𝑛
3} = �̅�𝑤𝑒 + �̅�𝑤𝑛 

+�̅�𝑒{((�̅�𝐴𝐶𝑐𝑜𝑠�̅�𝜏)
2 + 2�̅�𝐴𝐶�̅�𝐷𝐶𝑐𝑜𝑠�̅�𝜏)(�̅�4(𝑁𝐿3𝑒)𝑤

𝑤 + 𝐶3̅(𝑁𝐿2𝑒)𝑤
𝑤 + 𝐶2̅(𝐾𝑒)𝑤

𝑤

+ 𝐶1̅�̅�1)}

 

In Equation S26, for 𝑛 = 1: 𝑚2 = 𝑞1 = 0 ; 𝑞2 = 1; for 𝑛 = 2: 𝑚2 = 0; 𝑚1 = 𝑞1 = 1; 𝑞2 = −1; 

and for 𝑛 = 3: 𝑞2 = 0;𝑚1 = 1; 𝑞1 = −1. Also, [(𝐾)𝑤
𝑣𝑑𝑤]𝑛 is stiffness matrix for van der Walls 

effect. All coefficients of Equations S26–S28 are presented in Appendix 1 and 2. 

 

Appendix 1 

(𝑀)𝑢𝑛
𝑢 =∬ (𝜒𝑒𝜒𝑖𝜗𝑓𝜗𝑗)𝑑𝜉 𝑑𝜃 , (𝐾)𝑢𝑛

𝑢 =∬ (α1𝑛χe
′ χi
′𝜗𝑓𝜗𝑗 + α2𝑛𝜒𝑒𝜒𝑖𝜗𝑓

′𝜗𝑗
′)𝑑𝜉 𝑑𝜃, 

(𝐾)𝑢𝑛
𝑣 =

1

2
∬ (α3𝑛χe

′𝜙𝑘𝜗𝑓𝛼𝑙
′ + α4𝑛𝜒𝑒𝜙𝑘

′ 𝜗𝑓
′𝛼𝑙)𝑑𝜉 𝑑𝜃 ,

(𝐾)𝑢𝑛
𝑤 =

1

2
∬ (α5𝑛χe

′𝛽𝑜𝜗𝑓𝜓𝑙)𝑑𝜉 𝑑𝜃, 
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(𝑁𝐿)𝑢𝑛
𝑤 =

1

2
∬ (α6𝑛χe

′𝛽0
′𝛽𝑡

′𝜗𝑓𝜓𝑝𝜓𝑣 + α7𝑛χe
′𝛽𝑜𝛽𝑡𝜗𝑓𝜓𝑝

′𝜓𝑣
′ + α8𝑛𝜒𝑒𝛽0

′𝛽𝑡𝜗𝑓
′𝜓𝑝𝜓𝑣

′ )𝑑𝜉 𝑑𝜃, 

�̅�𝑢𝑝𝑛 =
1

2
∬ (α26𝑛χe

′ 𝜗𝑖)𝑑𝜉 𝑑𝜃, (𝑀)𝑣𝑛
𝑣 =∬ (𝜙𝑞𝜙𝑘𝑎𝑓𝑎𝑙)𝑑𝜉 𝑑𝜃 

(𝐾)𝑣𝑛
𝑢 =

1

2
∬ (α3𝑛𝜙𝑞χi

′𝛼𝑓
′𝜗𝑙 + α4𝑛𝜙𝑞

′𝜒𝑖𝛼𝑓𝜗𝑙
′)𝑑𝜉 𝑑𝜃,  

(𝐾)𝑣𝑛
𝑣 =∬ (α9𝑛𝜙𝑞𝜙𝑘𝛼𝑓

′𝛼𝑙
′ + α13𝑛𝜙𝑞

′𝜙𝑘
′ 𝛼𝑓𝛼𝑙)𝑑𝜉 𝑑𝜃, 

(𝐾)𝑣𝑛
𝑤 =

1

2
∬ (α12𝑛𝜙𝑞𝛽𝑜𝛼𝑓

′𝜓𝑙)𝑑𝜉 𝑑𝜃,  

(𝑁𝐿)𝑣𝑛
𝑤 =

1

2
∬ (α10𝑛𝜙𝑞𝛽𝑜𝛽𝑡𝛼𝑔

′𝜓𝑝
′𝜓𝑣

′+α11𝑛𝜙𝑞𝛽0
′𝛽𝑡

′𝛼𝑔
′𝜓𝑝𝜓𝑣 + α14𝑛𝜙𝑞

′𝛽0
′𝛽𝑡𝛼𝑔𝜓𝑝𝜓𝑣

′ )𝑑𝜉 𝑑𝜃, 

�̅�𝑣𝑝𝑛 =
1

2
∬ (α27𝑛𝜙𝑞𝛼𝑓

′)𝑑𝜉 𝑑𝜃,  

(𝑀)𝑤𝑛
𝑤 =

1

2
∬ (2𝛽𝑟𝛽𝑜𝜓𝑠𝜓𝑝 + 𝛼32𝑛𝛽𝑟

′′𝛽𝑜𝜓𝑠𝜓𝑝 + α33𝑛𝛽𝑟𝛽𝑜𝜓𝑠
′′𝜓𝑝 + �̅�1𝑛𝛽𝑟𝛽𝑜𝜓𝑠𝜓𝑝)𝑑𝜉 𝑑𝜃,  

(𝐶)𝑤𝑛
𝑤 =

1

2
∬ (𝐶�̅�𝑛𝛽𝑟𝛽𝑜𝜓𝑠𝜓𝑝 + �̅�2𝑛𝛽𝑟𝛽𝑜

′𝜓𝑠𝜓𝑝 − �̅�1𝑛𝛽𝑟𝛽𝑜
′′𝜓𝑠𝜓𝑝 − �̅�2𝑛𝛽𝑟𝛽𝑜𝜓𝑠𝜓𝑝

′′)𝑑𝜉 𝑑𝜃, 

(𝐾)𝑤𝑛
𝑢 =

1

2
∬ (α5𝑛𝛽𝑟χi

′𝜓𝑠𝜗𝑗)𝑑𝜉 𝑑𝜃, 

(𝐾)𝑤𝑛
𝑣 =

1

2
∬ (α12𝑛𝛽𝑟𝜙𝑘𝜓𝑠𝛼𝑙

′)𝑑𝜉 𝑑𝜃, 

(𝐾)𝑤𝑛
𝑤 =

1

2
∬

(

 
 
 

2α15𝑛𝛽𝑟𝛽𝑜𝜓𝑠𝜓𝑝 + 2α21𝑛𝛽𝑟
′′𝛽0

′′𝜓𝑠𝜓𝑝 + 2α22𝑛𝛽𝑜𝛽𝑟𝜓𝑠
′′𝜓𝑝

′′

+2α23𝑛𝛽𝑟
′𝛽𝑜

′𝜓𝑠
′𝜓𝑝

′ + α24𝑛𝛽𝑟𝛽𝑜
′′𝜓𝑠

′′𝜓𝑝 + α24𝑛𝛽𝑟
′′𝛽𝑜𝜓𝑠𝜓𝑝

′′

+2α28𝑛𝛽𝑟
′𝛽𝑜

′𝜓𝑠𝜓𝑝 + �̅�𝑤𝛽𝑟𝛽𝑜𝜓𝑠𝜓𝑝 − �̅�𝑝𝛽𝑟𝛽0
′′𝜓𝑠𝜓𝑝

−�̅�𝑝𝑚0
2𝛽𝑟𝛽𝑜𝜓𝑠𝜓𝑝

′′ − �̅�𝑒2(𝐾𝑒)𝑤
𝑤

+�̅�3𝑛𝛽𝑟𝛽0
′′𝜓𝑠𝜓𝑝 − �̅�3𝑛𝛽𝑟𝛽0

′′′𝜓𝑠𝜓𝑝 − �̅�4𝑛𝛽𝑟𝛽0
′𝜓𝑠𝜓𝑝

′′ )

 
 
 
𝑑𝜉 𝑑𝜃, 

(𝐾𝑒)𝑤𝑛
𝑤 = 𝛽𝑟𝛽𝑜𝜓𝑠𝜓𝑝, 

(𝐾)𝑤𝑖𝑛
𝑣𝑑𝑤 =

1

2
∬ (𝛽𝑟𝛽𝑜𝜓𝑠𝜓𝑝)𝑑𝜉 𝑑𝜃, 𝑖 = 1…4, 

(𝑁𝐿)𝑤𝑛
𝑢 =

1

2
∬ (

2α6𝑛𝛽𝑟
′𝛽𝑜

′χi
′𝜓𝑠𝜓𝑝𝜗𝑗 + 2α7𝑛𝛽𝑟𝛽𝑜χi

′𝜓𝑠
′𝜓𝑝

′ 𝜗𝑗
+α8𝑛𝛽𝑟

′𝛽𝑜𝜒𝑖𝜓𝑠𝜓𝑝
′𝜗𝑗

′ + α8𝑛𝛽𝑟𝛽𝑜
′𝜒𝑖𝜓𝑠

′𝜓𝑝𝜗𝑗
′)𝑑𝜉 𝑑𝜃,  

(𝑁𝐿)𝑤𝑛
𝑣 =

1

2
∬ (

2α10𝑛𝛽𝑟𝛽𝑜𝜙𝑘𝜓𝑠
′𝜓𝑝

′𝛼𝑙
′ + 2α11𝑛𝛽𝑟

′𝛽𝑜
′𝜙𝑘𝜓𝑠𝜓𝑝𝛼𝑙

′

+α14𝑛𝛽𝑟
′𝛽𝑜𝜙𝑘

′𝜓𝑠𝜓𝑝
′𝛼𝑙 + α14𝑛𝛽𝑟𝛽𝑜

′𝜙𝑘
′𝜓𝑠

′𝜓𝑝𝛼𝑙
)𝑑𝜉 𝑑𝜃,  

(𝑁𝐿)𝑤2𝑛
𝑤

=
1

2
∬ (

α19𝑛𝛽𝑟𝛽𝑜
′𝛽𝑡

′𝜓𝑠𝜓𝑝𝜓𝑣 + 2α19𝑛𝛽𝑟
′𝛽𝑜

′𝛽𝑡𝜓𝑠𝜓𝑝𝜓𝑣 + α20𝑛𝛽𝑟𝛽𝑜𝛽𝑡𝜓𝑠𝜓𝑝
′𝜓𝑣

′

+2α20𝑛𝛽𝑟𝛽𝑜𝛽𝑡𝜓𝑠
′𝜓𝑝

′𝜓𝑣 − �̅�𝑒3(𝑁𝐿2𝑒)𝑤
𝑤 )𝑑𝜉 𝑑𝜃 , 

(𝑁𝐿2𝑒)𝑤𝑛
𝑤 = 𝛽𝑟𝛽𝑜𝛽𝑡𝜓𝑠𝜓𝑝𝜓𝑣, 
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(𝑁𝐿)𝑤3𝑛
𝑤 =

1

2
∬ (

4α16𝑛𝛽𝑟
′𝛽𝑜

′𝛽𝑡
′𝛽𝑎
′𝜓𝑠𝜓𝑝𝜓𝑣𝜓𝑏 + 4α17𝑛𝛽𝑟𝛽𝑜𝛽𝑡𝛽𝑎𝜓𝑠

′𝜓𝑝
′𝜓𝑣

′𝜓𝑏
′

+2α18𝑛𝛽𝑟
′𝛽𝑜

′𝛽𝑡𝛽𝑎𝜓𝑠𝜓𝑝𝜓𝑣
′𝜓𝑏

′ + 2α18𝑛𝛽𝑟𝛽𝑜𝛽𝑡
′𝛽𝑎
′𝜓𝑠

′𝜓𝑝
′𝜓𝑣𝜓𝑏

−�̅�𝑒4(𝑁𝐿3𝑒)𝑤
𝑤

)𝑑𝜉 𝑑𝜃  

(𝑁𝐿3𝑒)𝑤𝑛
𝑤 = 𝛽𝑟𝛽𝑜𝛽𝑡𝛽𝑎𝜓𝑠𝜓𝑝𝜓𝑣𝜓𝑏 

(𝑁𝐿)𝑤𝑖𝑛
𝑣𝑑𝑤 =

1

2
∬ (𝛽𝑟𝛽𝑜𝛽𝑡𝛽𝑎𝜓𝑠𝜓𝑝𝜓𝑣𝜓𝑏)𝑑𝜉𝑑𝜃 , 𝑖 = 1…4, 

�̅�𝑤𝑝 =
1

2
∬ (α25𝛽𝑟𝜓𝑠 + α30𝛽𝑟

′′𝜓𝑠 + α31𝛽𝑟𝜓𝑠
′′)𝑑𝜉 𝑑𝜃, �̅�1 =∬ (𝛽𝑟𝜓𝑠)𝑑𝜉 𝑑𝜃 ,   

�̅�𝑒1 =
1

2
�̅�𝑒�̅�1,   �̅�𝑒𝐷𝐶 =

1

2
�̅�𝑒�̅�𝐷𝐶

2 , �̅�𝑤𝑒 = 𝐶1̅�̅�𝑒𝐷𝐶�̅�1,   �̅�𝑒2 = 𝐶2̅�̅�𝑒𝐷𝐶 , �̅�𝑒3 = 𝐶3̅�̅�𝑒𝐷𝐶 , �̅�𝑒4 = 𝐶4̅�̅�𝑒𝐷𝐶 , 

 

Appendix 2 

𝛼1𝑛 =
1

𝑚3𝑛
�̅�11𝑛,  𝛼2𝑛 =

𝑚0𝑛
2

𝑚3𝑛
�̅�66𝑛,  𝛼3𝑛 =

𝑚0𝑛

𝑚3𝑛

(�̅�12𝑛 + �̅�21𝑛), 𝛼4𝑛 =
2𝑚0𝑛

𝑚3𝑛
�̅�66𝑛, 

 𝛼5𝑛 =
𝑚0𝑛

𝑚3𝑛

(�̅�12𝑛 + �̅�21𝑛), 𝛼6𝑛 =
1

𝑚1𝑛𝑚3𝑛
(�̅�11𝑛 − 𝜏0̅𝑛

𝑝𝑠 − 𝜏0̅𝑛
𝑁𝐼),  𝛼7𝑛

=
𝑚0𝑛𝑚2𝑛

2𝑚3𝑛

(�̅�12𝑛 + �̅�21𝑛), 

 𝛼8𝑛 =
2𝑚0𝑛𝑚2𝑛

𝑚3𝑛
�̅�66𝑛,  𝛼9𝑛 =

𝑚0𝑛
2

𝑚3𝑛
�̅�22𝑛,  𝛼10𝑛 =

𝑚0𝑛
2 𝑚2𝑛

𝑚3𝑛
(�̅�22𝑛 − 𝜏0̅𝑛

𝑝𝑠 − 𝜏0̅𝑛
𝑁𝐼), 

𝛼11𝑛 =
𝑚2𝑛

2𝑚3𝑛

(�̅�12𝑛 + �̅�21𝑛),  𝛼12𝑛 =
2𝑚0𝑛

2

𝑚3𝑛
(�̅�22𝑛 − 𝜏0̅𝑛

𝑝𝑠 − 𝜏0̅𝑛
𝑁𝐼), 𝛼13𝑛 =

1

𝑚3𝑛
�̅�66𝑛, 

 𝛼14𝑛 =
2𝑚2𝑛

𝑚3𝑛
�̅�66𝑛,  𝛼15𝑛 =

𝑚0𝑛
2

𝑚3𝑛
(�̅�22𝑛 − 2(𝜏0̅𝑛

𝑝𝑠 + 𝜏0̅𝑛
𝑁𝐼)) ,  𝛼16𝑛

=
1

4𝑚1𝑛
2 𝑚3𝑛

(�̅�11𝑛 − 2(𝜏0̅𝑛
𝑝𝑠 + 𝜏0̅𝑛

𝑁𝐼)), 

 𝛼17𝑛 =
𝑚0𝑛
2 𝑚2𝑛

2

4𝑚3𝑛
(�̅�22𝑛 − 2(𝜏0̅𝑛

𝑝𝑠 + 𝜏0̅𝑛
𝑁𝐼)) , 𝛼18𝑛 =

𝑚2𝑛
2

4𝑚3𝑛

(4�̅�66𝑛 + �̅�12𝑛 + �̅�21𝑛), 

  𝛼19𝑛 =
𝑚2𝑛

2𝑚3𝑛

(�̅�12𝑛 + �̅�21𝑛), 𝛼20𝑛 =
𝑚0𝑛
2 𝑚2𝑛

𝑚3𝑛
(�̅�22𝑛 − 2(𝜏0̅𝑛

𝑝𝑠 + 𝜏0̅𝑛
𝑁𝐼)), 

𝛼21𝑛 =
1

𝑚1𝑛
2 𝑚3𝑛

(�̅�11𝑛 − �̅�11𝑛),  𝛼22𝑛 =
𝑚0𝑛
2 𝑚2𝑛

2

𝑚3𝑛

(�̅�22𝑛 − �̅�11𝑛),  𝛼23𝑛 =
4𝑚2𝑛

2

𝑚3𝑛
�̅�66𝑛,  

𝛼24𝑛 =
𝑚2𝑛
2

𝑚3𝑛

(�̅�12𝑛 + �̅�21𝑛 − 2�̅�11𝑛), 𝛼25𝑛 =
𝑚0𝑛𝑚1𝑛

𝑚3𝑛
(2(𝜏0̅𝑛

𝑝𝑠 + 𝜏0̅𝑛
𝑁𝐼) − �̅�𝜃𝑝𝑛), 

𝛼26𝑛 =
𝑚1𝑛

𝑚3𝑛
(2(𝜏0̅𝑛

𝑝𝑠 + 𝜏0̅𝑛
𝑁𝐼) − �̅�𝑥𝑝𝑛), 𝛼27𝑛 =

𝑚0𝑛𝑚1𝑛

𝑚3𝑛
(2(𝜏0̅𝑛

𝑝𝑠 + 𝜏0̅𝑛
𝑁𝐼) − �̅�𝜃𝑝𝑛), 

𝛼28𝑛 =
1

2𝑚3𝑛
(2(𝜏0̅𝑛

𝑝𝑠 + 𝜏0̅𝑛
𝑁𝐼) − �̅�𝑥𝑝𝑛), 𝛼29𝑛 =

𝑚0𝑛
2

2𝑚3𝑛
(2(𝜏0̅𝑛

𝑝𝑠 + 𝜏0̅𝑛
𝑁𝐼) − �̅�𝜃𝑝𝑛), 

𝛼30𝑛 =
1

𝑚3𝑛
�̅�𝑥𝑝𝑛, 𝛼31𝑛 =

𝑚0𝑛
2

𝑚3𝑛
�̅�𝜃𝑝𝑛, 𝛼32𝑛 =

1

2𝑚1𝑛
2 𝑚3𝑛

�̅�11𝑛
∗ , 𝛼33𝑛 =

𝑚2𝑛
2

2𝑚3𝑛
�̅�11𝑛
∗ , 
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